ALGEBRAIC CYCLES ON THE RELATIVE SYMMETRIC POWERS AND 
ON THE RELATIVE JACOBIAN OF A FAMILY OF CURVES. II 



BEN MOONEN AND ALEXANDER POLISHCHUK 

Abstract. Let C be a family of curves over a non-singular variety S. We study algebraic 
cycles on the relative symmetric powers C'"' and on the relative Jacobian J. We consider the 
Chow homology CH.(C'*VS') := On CH.(C["V'5') 

as a ring using the Pontryagin product. 
We prove that CH,(C'*'/5') is isomorphic to C}it {J / S)[t]{u) , the PD-polynomial algebra 
(variable: u) over the usual polynomial ring (variable: t) over CH,(J/5'). We give two such 
isomorphisms that over a general base are different. Further we give precise results on how 
CHt(J/S') sits embedded in CH,(C'*'/'S') and we give an explicit geometric description of 
how the operators ^l™' and du act. This builds upon the study of certain geometrically 
defined operators Pij{a) that was undertaken by one of us in Part 1 of this work, [18]. 

Our results give rise to a new grading on CH, (J/S). The associated descending filtration 
is stable under all operators [N]» and [A^], acts on gr™;i as multiplication by N"^. Hence, 
after — ® Q this filtration coincides with the one coming from Beauville's decomposition. 
The grading we obtain is in general different from Beauville's. 

Finally we give a version of our main result for tautological classes, and we show how 
our methods give a simple geometric proof of some relations obtained by Herbaut and van 
der Geer-Kouvidakis, as later refined by one of us in [14]. 
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Introduction 



Let 5 be a quasi-projective variety that is smooth of dimension d over a field. Let C/S 
be a smooth curve over S that has a section po'. S C. Let C'"! denote the nth relative 
symmetric power of C over S, and let J denote the relative Jacobian of C/S. Further let 
:= PqK G Pic(S'), where K G Pic(C) is the relative canonical class. 

The central result. In this paper we study algebraic cycles on the symmetric powers 
and on the Jacobian J, and in particular we study the relations between the corresponding 
Chow groups. It is of course classical that C'"! = P(-Bn) over J, where is the Fourier 
transform of Oc{n ■ po) which for n ^ 2^ — 1 is a vector bundle on J. This gives one type of 
relation between CH( J) and the groups 

What we do in this paper is something entirely different. The starting point is the 
remark that the disjoint union of all C["l is a monoid in the category of (graded) schemes 
such that the product maps are proper. Correspondingly we have a Pontryagin product on the 
Chow homology CH*(CW/5) := ©„^o CH*(C["1/S') making it into a commutative bigraded 
ring. The first grading is the one by (relative) dimension of cycles, putting CHj(C["'l/iS') := 
CH(i_(-j(Cf"l). The second grading is the one obtained by placing CH*(Cf"l/S') in degree n. 

One of the main results of the paper is the following. (Thms. 3.3 and 3.4 in the text.) 

Theorem 1. The ring CH*(CW/5') is isomorphic to CH^{J/ S)[t]{u) . 

Here we consider CH*(C[*1/'S') and CH*(J/5) as rings with the Pontryagin product, and 
CH^,(J/S')[t](ti) is the PD-polynomial algebra in the variable u over the polynomial algebra 
in the variable t over CH*(J/5'). 

Note that this result holds with integral coefficients (not just modulo torsion or after 
— Q, in which case it would be pointless to consider PD-rings anyway) and works over 
any smooth and quasi-projective base. If we work over a field then by the results in [15], 
Section 1, we have natural PD-structures on the ideal CII>o(C[*l/5) C 01^(0^'^ S) and on 
the ideal in CH*(J/S')[t](«) generated by CH>o(J/S') together with all classes u^'^^ for m > 1. 
In Thm. 5.3 we prove that the isomorphism in Thm. 1 is compatible with these PD-structures. 

Working over a general base we in fact find two natural isomorphisms 

(0.0.1) /3,7: CH,(J/5)[t](«) ^CH,(cW/5). 

These isomorphisms are equal modulo ip but in general they are different. Under both iso- 
morphisms t maps to the class [pq] G CHo(C/S') and wJ™] maps to [C'™"!]; the difference — and 
the most nontrivial point — lies in the way that CH^^J/S) is embedded into C}l^{C^*y S) as 
a subring. 

Using a slight generalization of the "Manin principle", the main result can also be in- 
terpreted motivically. Here we work in the ind-category Ind-A^(5') of the category A4{S) of 
Chow motives over S (with integral coefficients) with respect to graded correspondences. We 
write 1 for the identity motive and 1(1) for the Tate motive. The ring structures on Chow 
groups are encoded in the motives as multiplicative structures. 

Theorem 2. We have isomorphisms 

R,{J/ S)[l] {1(1)) ^ R^id-yS) 
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in Ind-Ai{S), compatible with the Pontryagin multiplicative structures. 
See Thm. 4.2 in the text. 

Let us briefly explain how Thm. 1 is proven. We consider an ind-scheme C^°°\ called 
the "infinite symmetric power" of C. It is defined as the inductive limit of the system 
S = ^ C ^ C[21 ^ • • • , where the maps in ■ C'" -^1 C^^^ are given hj D pq + D. 
The natural map a: Ct*l J factors as C^*! (71°°] ^ J. Over a field, and working with 

Q-coefficients, C^°°^ and its Chow homology 

CR^{d°°^/S) := (Bi CRi{d°°^/S) with CRi{d'^yS) := lim CRi+d{d''^) 

n 

{d = dim(S')) have been studied by Kimura and Vistoli in [10]. We generalise and refine 
their results, working with integral coefficients and over more general base schemes. For a 
certain natural class T € CHg(C[°°V'5) the map r: CR^{J/S) CR,{C^'^^/S) given by 
X I— > a*{x) n r is a (homomorphic) section of a*. Then we have the following result; see 
Thm. 1.11 and Cor. 1.14 in the text. 

Theorem 3. We have an isomorphism /3: CH*(J/5)(w) ^ CH*(C[~1/'S'), 

given by r on 

CH*(J/5) and with nH ^ [CH] . 

As a second main ingredient for Thm. 1 we use that on CW/S we have a large collection 
of geometrically defined operators. Given a class a G CH(C) and integers i, j, we have an 
operator Pjj(a): CR^C^^^/S) CR{C^^+'-^y S) given by 

Pij{a){x) = {si,N+i-j)*{pr:*{a) ■ s*jy{x)) , 

where Sab- C X5 C[^-"l ^ Ct^l is the map given by {p,D) ^ a-po + D. Also for some of these 
operators there are naturally defined divided powers Pij (a)["*l. In Part 1 of this work, [18], 

one of us has undertaken a systematic study of these operators. In particular, it was proved 
there that CH*(CW/S') has the structure of a module under the ring 'L\t,u^*\d^'\dy\ = 
Z[t,du]{dt,u), via 

^ Po,i(C)H , 0^ ^ Po,i ([Po] + V') • 
Prom this it readily follows (ibid.. Prop. 3.9) that if we define K C CH*(CW/S') by 

K := Ker(Po,i([po])) n f| Ker(Po,i(C)W) 

then we have an isomorphism 

(0.0.2) K [t] (u) ^ CR^ (C W /S) . 

The first isomorphism /3 of (0.0.1) is constructed as a lift of the isomorphism /3 of Thm. 3. 

Namely, using (0.0.2) we define a section r: CR^{C^'^^/S) CR^{C^'^/S) of q^; then /3 is 
given by s := r o s on CH*(J/S'), with t 1-^ [po] and n'™! 1-^ |^(7Mj , Next we prove that the 
restriction of a* to K gives an isomorphism K — > CH*(J/5). The second isomorphism, 7, is 
then obtained using the inverse map s': CH*(J/5) ^ K C CH*(C['l/5) on the coeflacients. 



3 



Once we have the isomorphisms $ and 7, we prove (Thm. 3.6) that they are equal mod- 
ulo '0. (In particular, they are equal if 5 = Spec(A;) with k a field.) For both isomorphisms 
we have an explicit description of c?]™' and du in terms of operators Pjj (a). Also, the isomor- 
phism 7 descends to an isomorphism 7: CH*(J/S')^m) ^ CH*(C[°°J/S') that is different, in 
general, from the isomorphism (3 of Thm. 3. 

A new grading on CH*(J/5), and its relation with Beauville's decomposition. 

As already mentioned, one of the most intriguing aspects of Thm. 1 is to understand how 
CH*(J/S') sits embedded into CH*(C[*1/S'). In particular, we can bring into play the natural 
grading on CH,(C['l/5) obtained by placing CH,(C7W/5) in de gree n. We prove that K, 
which is the image of CH* (J/S*) under 7, is homogeneous for this grading. The result we 
obtain is as follows; see Thm. 7.4 and Cor. 7.6. 

Theorem 4. We have a decomposition 

Ig+d 

(0.0.3) CH,(J/5) = ChI'"1(J/5) , 

m=0 

where x G ChI'"1(J/5) if and only if j{x) G CH^(C7H/5) c CH*(CW/5). The associated 
descending filtration Fil* on CH*(J/S') is stable under the operators [N]^, and [iV]* acts on 
grpQ as multiplication by N"^. The subspace (Bm>2g ChI!"' (J/S*) is torsion. 

The grading in (0.0.3) is compatible with the grading by (relative) dimension, so we 
effectively obtain a bigrading CR^{J/S) = © Ch|™1 (J/S*). Wc show that Cb!"'\j/S) can be 
nonzero only if m ^ min {g+2d+i, 2g+d}, and CH^"' {J/S) is torsion if m > mm{g+d+i, 2g}. 

Working with Q-coefficients we have Beauville's decomposition 

CH,(J/5)q = 0CH,,(,)(J/5)q, 

such that [N]^ acts on CHj C CHj(J/S')Q as multiplication by Ar^*+-'. We say that CHj 
has coweight 2i + j. Our result says that Fil* (g)Q coincides with the descending filtration on 
CH^,(J/S')q by coweight. (This is in agreement with the general conjectures on filtrations on 
Chow groups; see [16], [9].) However, the grading given by (0.0.3) is not, in general, the one 
given by Beauville's decomposition, not even over a field. A further difference is that our 
grading (0.0.3) is defined integrally. 

Tautological classes. In the last two sections of the paper, we prove some results about 
the most manageable classes, the so-called tautological classes. On all three levels, C^'l /S, 
C^°°yS and J/S, we define a subalgebra TCH* of tautological classes in the Chow homology. 
(Here we work with Q-coefficients.) We prove (Thm. 8.5 and Cor. 8.6) that TCH*(C['1/.S)q ^ 
TCR^{J/S)Q[t,u] and rCH=,(C[°°V'5)Q = TCH*(J/5)q [«] . As an easy application of our 
theory we obtain, and lift, some relations of Herbaut [8] and van der Geer-Kouvidakis [6], 
as later refined by one of us in [14]. Here we work over a field and wc assume that the 
curve C admits a g^. This assumption means that a certain class [D] * LM in CH*(C[°°1) 
can be realised in C^'^. This implies that the image of this class under the section r has no 
components in CH^^C^"^^) for m > d. Writing out what this means gives us concrete relations 
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between classes on C'*!, and pushing down to the Jacobian we recover the relations of [8], [6], 
in their refined form, working modulo rational equivalence. 

0.1. Notation. Let 5 be a non-singular quasi-projective variety of dimension d over a field. 

Let vr : C — > S* be a smooth curve of genus g over S, and let po ^ S — > C be a section of tt. Let 
C'"] be the nth symmetric power of C relative to S. We write "Dn C C x^C'"! for the universal 
divisor. Further we define 7^„ C Cl"! as the image of the closed embedding i„ : Cl" — >■ Ct"! 
given by addition of the point with the convention that TZq is the zero divisor. Note that 
Tin can also be described as the pull-back of P„ under po x id. 

Let p: J ^ She the Jacobian of C over and let : S" ^ J be the zero section. We write 
(Jn : C^"' J for the morphism that sends the class of a relative effective Cartier divisor D 
of degree n to the class of Oc{D — n ■ po). We usually write l: C ^ J for the map ai. 

Let Vj be the Poincare bundle on J X5 J. Let Cc be the Poincare bundle on C Xg J, 
normalised such that its puUbacks via po x id and id x e are trivial. Note that jCc is the 
inverse of (i x id )*'Pj. 

We denote tp := PqK G Pic(S'), where K £ Pic(C) is the relative canonical class. If 
h: X S is a scheme over S (such as X = C^"! 01 X = J) then we also write V' for the class 
h*{tp) in Pic(X) or CB^{X). 

If i? is a commutative ring, and R[t] is the polynomial ring in one variable over R then 
we write (?|™^ for the differential operator with f 1-^ (m)^'^""*- These operators are divided 
powers of dt = dl^\ in the sense that = C"^**) t?]"*^"^ ; in particular, ml ■ t?]"*^ = d^^. 

1. Chow homology and Chow cohomology of infinite symmetric powers 

In [10], Kimura and Vistoli consider Chow homology and Chow cohomology of the infinite 
symmetric power of a curve over a field. The main purpose of this section is to generalise 

and to refine their results. We consider the relative situation of a smooth curve C over a 
quasi-projective base variety S, as in 0.1, and we obtain results with integral coefficients. 

The infinite symmetric power C^°°^ of C is defined as the direct limit of the symmetric 
powers Cl"! := Sym"(C/<S') via the inclusion maps i„: C^'^~^^ C'"! associated with the 
point Po. We define the Chow homology CH*(C[°°V'5) and Chow cohomology CB.* (C^^yS) 
of C[~l. The main result of this section, see Thm. 1.11 and Cor. 1.14, is that CB^C^'^^S) ^ 
CH^,( J/S')(tt), the PD-polynomial algebra in one variable over the Chow ring (with Pontryagin 
product) of the Jacobian. This isomorphism is made very explicit. 

We first define the main objects that we want to study. We consider the situation as 
in 0.1. We define 

ci'i := n„^o , 

the disjoint union of all symmetric powers of C. Next we define C[°°], which is an ind-scheme, 
to be the inductive limit 

lim (5 = C[°l ^ C ^ CPl ^ Cl^l ^ ■ ■ ■ ) 

where the transition maps are the morphisms in - (7^"^^^ C^"! associated with the point 
Po e C{S). Write ttI*] : Cl'l ^ S and 7r[°°l : C[°°] ^ S for the structural morphisms, and let 
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q: CW ^ C[°°l be the natural map. The collection of morphisms cr„ : C'^l — > J gives rise to 
morphisms a : C[°°] — > J and it : C'*^ J over S", with a = a o q. 

The addition maps am,n: C'™' x.^'C'"' ^ (^[m+n] gj^g ^^^^ morphisms a: x^CW ^ 
CW and a: C^°°^ X5 C[°°l ^ C[°°l, making CW and Cl°°] into monoid (ind-)schemes over S. 
Further, the diagonal maps A„ : given by -D n ■ D give rise to morphisms 

[n] : Cl'l Cl'] and [n] : C[°°] ^ C[°°] over S that lift the "multiplication by n" maps on the 
Jacobian. 

We define the Chow homology of CW over S as CH*(CW/5) := ©j^o CRi{C^'^/S), with 

CH,(cW/5) := ©„^o CH,+<i(cW) . 

On it we have a convolution product (or Pontryagin product), given hy x * y := Q!*(pr*(a;) • 
P^2(y))i ^^"^ ^^i^ gives CH^,(Cf*l/S') the structure of a graded CH(S') -algebra. Here we take 
CH(S') to be the usual intersection ring of S but with grading given by putting CH*(S') in 
degree —i. (Formally we should use some notation like CH*(>S'/5'), but as this will play no 
important role in what follows, we simply write CH(S').) The structural map CH(S') 
CH,(CW/.S) is given by push-forward via the inclusion S C'*! . 

The Chow homology of C[°°l over S is defined by CH*(C[°°l/'5) := ©i CHi(C[~l/'5), with 

CHi(C[°°l/>9) := lim (cH,+d(C) ^ CH,+d(CPl) ^ CH,+<i(CPl) ^ • • •) 

where the transition maps are the maps i^^*. Again the convolution product defines the 
structure of a graded CH(5)-algebra on CH^ic^/^) ■= ©i CHi(C[°°l/'5)- 

Lemma 1.1. (i) The maps in,*: CR^{C^''-^^ / S) CH,(CM/5) are injective. 

(ii) Ify is an element o/'cH*(CW/'5) ^ CH*(CW/5) then [po] * 2/ = in+iAv)- ^he 
quotient map g*: CH*(CW/S') — > CH*(C[°°1/S') induces an isomorphism 

(1.1.1) CH,(cW/5)/(bo] - 1) ^ CH,(C[°°l/'5) , 

zs noi a zero divisor. 

Proof. Part (i) is proved in [18], Prop. 3.10. Alternatively, this follows from the existence of 
correspondences C^^~^^^ \- C^^^ with inO^n-i = id, as in [10], section 1. In (ii) the fact that 
[po] — 1 is not a zero divisor in CH*(C[*l/5) follows from (i). The rest is straightforward. □ 

The Chow cohomology of C[°°l over S is defined by 

CR\d°°yS) := proj.lim (cff (C) ^ Cff (C'^l) ^ Cff (C'^l) < ) 

where the transition maps are the maps i* . The intersection product induces a natural ring 
structure on CH*(C[°°V'5) := ©i CR\C^^yS), and the structure of a CH*(C7M/5)-niodule 
on CH4C^°°yS). We view CH*(C[°°l/'5) as a graded algebra over CH*{S) via 7r[°°l'*. 
Note that we shall not consider Chow cohomology of C'*'. 

The multiplication by n morphisms on C'*! and C^°°^ (for n ^ 0) give rise to ring en- 
domorphisms [n]* : CH*(C[°°V'5) ^ CH*(C[°°V'5) in cohomology and [n]*: CH^CW/^) ^ 
CH^(C['V5) and [n]*: CH*(C[~l/'5) ^ CH*(C[°°V'5) in homology. 
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We shall also consider the Chow homology and cohomology of the Jacobian J. Though 
they coincide as ungraded objects, even here it is useful to keep the distinction between 
homology and cohomology. Wc write CH*(J/5) for the usual Chow ring of J, which is a 
graded CH*(S')-algebra by intersection product. The structural homomorphism CH*(S') 
CH*(J/5) is the map p*. The Chow homology CH*(J/5) := CH^+rf(J) is a graded CH(S)- 
algebra by Pontryagin product, where the structural homomorphism CH(S') C}1:^{J/S) is 
the map 0*. With our notation we have Cff(J/S') = CE.g-i{J/S). Further, CR^J/S) is a 
module over CH* (J/S*) by cap-product. 

For G Z we again have endomorphisms [n]* of CH*(J/S') and [ra]* of CH*(J/5). 
The map a: C[°°l — > J gives rise to homomorphisms of CH(S')-algebras a*: CH*(J/5) 
CH*{Cl°°yS) and (t*: CH* (C[°°1 Z-^) ^ CR^J/S). Similarly we have a*: CH*(CW/S) ^ 
CR^J/S). 

Remark 1.2. It easily follows from the definitions that for classes a G CH(S') and x G 
CB^J/S) we have 0*(a)*x = p*{a)nx. Similarly, for y € CH*(C[~l/'5) and z G CH*(CW/5) 
we have Po,*{a) * y = a* (a) fi y and po^*{a) * z = a* {a) n z. 

In particular, with our convention (see 0.1) to simply write il) for the pull-back of "ip to 
the scheme on which we work, we have that * x (meaning: 0*(V') * x, or po,*(V') * equals 
-0 • x (meaning: p* {tp) Dx, oi a* (tp) Dx, or a* (ip) Hx). In practise we simply write ipx oi ip-x. 

The first main goal of this section is to give a description of the Chow cohomology of C^°°^ . 
We begin by introducing a class ^ G CH^(C[°°1). Define 0(^[„](1) := OQin]{Tln + n ■ ip) , and let 
e„ := ci {OcM (1)) . Then (1) ^ Oc;in-i] (1). Hence ^ := (^i, 6, 6, ■ ■ ■) is a well-defined 

element of CH^(C[°°]). 

For a different description of the classes consider the Poincare bundle Cc on C X5 J. 
For ra ^ define := pr2 „(prJOc'(n ■ po) Cc), the Fourier transform of Ocin -po)- Then 
En is a vector bundle on J if n > — 2, and we have an isomorphism C'^l = P(-E„) over J. 
Under this isomorphism OQ[n]{l) corresponds to the standard line bundle 0{1) on ¥{En)- 
Note that we have the formula 

(id X crn)*ci(£c') = Pn] - n ■ pr^[po] - V^2['^n] - n-ip 

for the pull-back of the Poincare line bundle under the morphism id x (7„ : C x C'^l C x J. 
This formula shows that 

a^En = pr2,* (OcxcN (^«)) ® Clc-M (-7e„ - n • V') ; 

hence, we get an embedding as a subbundle 0^[rt] (— 7^„ — n-'i/') — >■ cr^En, which is the standard 
embedding 0(j[„]{-l) o-*E'„. 

Lemma 1.3. (i) We have a*^ = pr^^ -|- prg^. 
(ii) For all N ^ we have [N]*^ = N ■ ^. 

Proof. For (i) we use that under the addition maps am,n we have a*„ „7^m+„ = pr|7?,m+pi'2'7^n; 
this follows for example from formula (1.1) in the proof of Lemma 1.1 of [18]. Now pass to 
the limit. 
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For (ii) we argue by induction. The case N = 1 is trivial. For the induction step, note 
that [A/" + 1] : C[°°l C^°°^ equals the composition 

CM .A^ C'M (jloo] ^<ix[N]^ ^[^] ^[^] ^[j^] _ 

now use (i). □ 

With the lemma at our disposal the theory of [10], § 2 goes through with the same 
arguments. The result we obtain is the following. Here we view as an algebra 

over CH*(J/S) via a*. 

Theorem 1.4. The Chow cohomology CH*(C[°^]/5) is isomorphic to the polynomial algebra 
CH*(J/5)[C]. 

Next we want to study the Chow homology of C^'^l Recall that CH*(C[°^V'S') has the 
structure of a module over CH*(Ct°°l/5) by cap-product. Part (i) of Lemma 1.3 implies (cf. 
[10], Lemma 3.4) that the map y ^ n y is a derivation of CH*(C[°°l/'5), of de gree —1. 

The following fact follows from the standard results on Chow groups of projective bundles. 

Lemma 1.5. A class y G CH*(C[°°]/<S') is uniquely determined by the collection of classes 
-y) fori^ 0. 

The next proposition generalizes [10], Lemma 3.6 and Proposition 3.8. 

Proposition 1.6. (i) There is a unique element T G CHg(C[°°V'S') such that C7*(r) = [J] and 
^ n r = 0. The map 

(1.6.1) s: CH^J/S) ^CB^d^^/S) given by s{y) = a*{y)nr 

is a section of cr* and is a ring homomorphism. 

(ii) For any m ^ there is a unique element lH g CH^(C[°°V'5) such that 



.(C^'nLl" 



ifj^m 
[0] ifj = m, 



where [0] G CHo(J/5) is the class of the zero section 0: S J. Furthermore, one has 
= [S] and if m > then ^ n lH = Ll'^-i] . 

Remarks 1.7. (i) In the last assertion, [S] G CHo(C[°°V'5) denotes the image of [S] G CH(5) 
under the structural homomorphism CH(S') —>■ CH^,{C^°°y S) . It is the unit element for the 
Pontryagin product. 

(ii) We shall write L := lI^I G CHi(C[^l/5'). The classes lH are divided powers of L, 
i.e., m! • lH = l*"^ and lH * lM = (™+«)^[m+n]. xhis readily follows from Lemma 1.5, 
the fact that cr* is compatible with *-products, plus the fact that ^ fl — is a derivation. 

Proof, (i) Choose an integer n with n > 2g + d — 1. (Recall that d = dim(5).) Let Q be the 
universal quotient bundle of a^En on C'"! = P(-Bn); so Q is a vector bundle of rank n — g and 
we have an exact sequence 

(1.7.1) ^ Ocin]i-l) ^ alEn ^ Q ^ . 
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Define T G CHg(C[°°l/5') as the class represented by c„_g(Q) n [CN] . By [5], Example 3.3.3 

wc have cr*(r) = [J]. The class ^ H F is represented by the element ^„ • Cn-g{Q), which is the 
top Chcrn class of cr^En- But En is a bundle on J of rank n+1 — g, so given our choice of n, 
the top Chcrn class of £"„ vanishes for dimension reasons. In particular we find that for all 
y G CH,(J/5) = CH*(J/5) we have 



y ifk = 0, 
else. 



This shows that s is a section of a*. Because ^ H T = 0, the image of s is contained in 
Ker(en-) C CH*(C[°°1/^), which is a subalgebra because ^ H — is a derivation. Furthermore, 
by Lemma 1.5, the restriction of a* to this subalgebra is injective. This immediately implies 
that s is a ring homomorphism. Finally, the uniqueness of F follows also from Lemma 1.5; in 
particular, the element F that we have defined is independent of the choice of n. 

(ii) Fix m ^ and take n > 2g + d + m — l. Let Q again be the universal quotient bundle 
of a* En. Define LH g CHi(C[°^] /S) as the class represented by (a* [0] • c„_g_„(Q)) n [CN] . 
Using the projection formula we find that a^{^^ fl lI"*]) = if j < m, for dimension reasons. 
Next, ^"^HLH is the class represented by {a^[0] Cn-g-m{Q)) n [C^] . But by our choice 
of n we have Cn-g-i{En) = for alH G {0, 1, . . . , m — 1}, for dimension reasons, which gives 
the relation ^ • Cn^g^i^i{Q) = Cn-g-i{Q). Hence ^"^ ■ Cn-g-m{Q) = Cn-g{Q)- So we find that 
p ^ ^*[Q] p follows that 



[0] if A; = m, 
if A; > m. 



The uniqueness again follows from Lemma 1.5. 

To see that = [S] it suffices, again by Lemma 1.5, to show that cr*[5] = [0] and 
n [S]) = if > 0. The first is clear. For the second identity, note that a^{^^ D [S]) = 
0*(Po(0^) and remark that Po(0 = 0. Finally, the relation ^ n L^"^^ = L^"^'^^ for m > 1 
readily follows from the defining property of LI™"!, once again using the lemma. □ 

Remark 1.8. Suppose the base variety 5" is a point. Taking n sufficiently big, as in the proof 
of (ii), write F for the fibre of o"„: C'"! J over the origin G J, and let j: F ^ C^"! be 
the inclusion. Then F is a projective space of dimension n — g and we have lH =j,[Vm], 
where [Vm] = (/O""^""" ^ CH(F) is the class of an m-plane. 

Remarks 1.9. (i) Modulo ^ we can realise the class F in CHg(CP9]/5). Indeed, if we write 
Qn for the universal quotient bundle of (7*(£'„) then we claim that F = ctop(Q2g) = Cg{Q2g) 
modulo ■0- The argument is the same as in (i) of the Proposition; all we need is that the top 
Chern class of E2g vanishes modulo ip. This follows from the exact sequence 

E2g-i E2g Oj{-2g • V) ^ , 

which we get from the sequence Oc{{2g-l) -po) Oci2g-po) Po,*PoOc{2g -po) 0, 
taking into account that PoOc{—po) — Po^c/S ~ ^s(V') by adjunction. 
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(ii) With notation as in the proof, writing L := L\^\ we have 
(1.9.1) r = J] n (al{cn-g-k{En)) n [cN]^ fom ^ 25 + d, 

^ = E ^ (< • Cn-g-i-k{En)) n [CW] for n > 25 + d . 

Indeed, the exact sequence (1.7.1) gives the relation Cj{Q) = X^^^q ' <^j-fe(<''n(-^n))- 
Lemma 1.10. For all N ^ we have s o [N]^ = [N]^ o s. 

Proof. For n > 25 + (i — 1, let r(n) G CH*(Ct"]/'S') be the class representing F, as constructed 
in the proof of Prop. 1.6. Consider the diagram 

J ^ J 

in which the square is cartesian, and where / is the morphism such that h o f = Ajv and 
g o f = an- It suffices to show that /*r(n) = h*r(Nn), as this gives 

[N],s{y) = Kf,{rg*iy)nTin)) 

= K{g*{y) n h*T{Nn)) = {Kg*{y)) n T{Nn) = s{[NU) . 

Now F is a projective bundle over J with relatively ample class h*^; hence to prove that 
/*r(n) = h*T{Nn) it suffices to show that g^{{h*iy ■h*T{Nn)) = g*{{h*0' ■ f*^in)) for all i. 
We have 



g.{{h*0' ■ rr(iVn)) = g,h*{e ■ r(iVn)) = [iV]Vjvn,*(r • r(iVn)) 

and 

5*((/i*0' • /*r(n)) = g,Mrh*e ■ r(n)) = an,,(A^f • r(n)) 

= ivv„,4f ■ r(n)) = 



[J] if z = 0, 
if z > 0, 



[J] if i = 0, 
ifi>0, 

as desired. □ 



We now come to the main result of this section, which is a generalisation and refinement 
of [10], Theorem 3.9. Before we can state the theorem we need to introduce some notation. 

If A is a ring then by A{x) we denote the PD-polynomial algebra over A in the variable x; 
so A{x) = ®m^oA- xH with = 1 and xH . a;H = (™+")a;[™+"]. We have a unique PD- 
structure on the ideal A{x)+ := ©m>0 A ■ x'™] such that 'fmix) = x^'^^ for all m. 
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We view as an algebra over CH*(J/S') via the homomorphism s in (1.6.1). 

Further let us introduce, for ^ Z ^ n, the notation ii^n '■ C*''' C^"'^ for the composition 

CV] ''+^ (jV+^] ^'+^) . . . in^ (jH 

In particular, is the identity on Cl"] and i„-i,n = in- Also, io^n- S = Cl°] C^"] is the 
composition 

Theorem 1.11. The algebra homomorphism h: CH*(J/S')^a;) — > CH*(C[°°]/'S') that ex- 
tends the section s and sends x^"'^ to L'™! is an isomorphism. Under this isomorphism 
the derivation d/dx corresponds to the operator ^ n — , and a* corresponds to the evalua- 
tion map CIl^{J/S)(^x) — > CH*(J/S') at x = 0. The inverse isomorphism sends a class 
a G CH*(C["1/S') to the polynomial fa G CH*(J/S')(a;) given by 

(l-ll-l) /a= E (C-^,n(a)) • exp(V>x)"- ■ ( ^"P^^;^ " ^ ) . 

m=0 \ '/^ / 

Note that the class tp € CH^(S') is nilpotcnt; hence exp{ipx) is a PD-polynomial in x. 
Further note that (exp(V'a;) — l) /ip lies in the ideal CH^,( J/5')(x)+, so its divided powers are 
well-defined. 

Proof. By Remark 1.7(ii) the map /i is a homomorphism. It follows from Proposition 1.6 
that for any / G CrS{J/S){x) we have /(O) = and h{df/dx) = ^ n h{f). This 

immediately imphes that h is injective. It remains to be shown that for a G CH*(C["]/5) the 
polynomial /„ given in (1.11.1) indeed maps to a under h. For n = this is clear. So by 
induction on n we may assume that h{fb) = b for all b G CB^C^''-^^ / S). 

Write a := h{fa). Direct calculation shows that dfa/dx = fi*(a) + n ■ ip ■ fa- Applying h 
this gives the relation ^ n a = i* (a) + n • V' • ck, where we use the induction assumption with 
b = ij^(a). On the other hand, ^ H a = i^(a) + n ■ tp ■ a, as ^„ = TZn -\-n ■ ip. So we find that 
n (a — a) = {ntpy ■ {a — a) for all j ^ 0. Because o"*(a) = /o(0) = o"*(a) this implies that 
a^{^^ n (a - a)) = for all j ^ 0; hence a = a by Lemma 1.5. □ 

Example 1.12. For a G CH*(C/5) we have /„ = i*(a) • exp(V'x) +Poia) ■ E^eIM^. (Recall 
that L = Gi: C ^ J .) In particular, the class [C] corresponds to the polynomial 

(1.12.1) /[c] = KC)] • exp(V^a;) + f^EiMnI 

= [i{C)\ + (1 + V • [i{C)\) ■ {x + Vxl^l + if' +•••). 

To avoid any misunderstanding let us note again that the ring multiplication in CH*(C[°^]/5) 
is the Pontryagin product and that we view CH*(C[°°l/'5) as an algebra over CH*(J/S') via 
the homomorphism s. Thus, for instance, the formula for f^y^ just given means that 

[C] = s [i{C)\ + + s[i{C)]) * (L + ^ Ll^l + lI^I + ■■■). 
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More generally, for n ^ 1 the class of C'"! corresponds to the polynomial 
(1.12.2) = J2^* [C^''-"'^] ■ expi^xr-"^ . f^_^P(^±zl\ . 

m=0 \ V J 



As a corollary of the preceding results we obtain expression for the classes L and T as 
linear combinations of explicit geometric classes with coefficients in the ring Z[V']. 

Corollary 1.13. In CH*(C[°°V'S') Q we have the identities 

log(l + ^/.-[C]) -log(l + V^-s[.(C)]) 



L 



(1.13.1) 



^(-V)"-^(n - 1)! ([CN] - sK,cN])N ; 



(1.13.2) r = (^M~±_i^ ^ , . . 

and for any n ^ 2: 



(1.13.3) 



'log(l + V • N4C]) - nlog(l + 4; ■ [C]) \ 



(n — 1)9 I ntjj I 

Over a field the first two identities actually hold in CH*(C[°°]/5); see Remark 5.4. 

Proof. Identity (1.13.1) is just the inverse of formula (1.12.1). For the second identity we first 
rewrite (1.12.1) as 

s{HC)]) = ^"P(-^^) - 1 + [C] * exp(-V.L) . 

But also we have 

(1.13.4) s{[i{C)]r = s{[ciC)r) = g\ ■ s{[J]) =g\-r. 

This gives (1.13.2). 

To deduce (1.13.3) wc start with the relation [n]^L = n ■ L. Using (1.13.1) this gives 

log(l + V>-[n]4C]) _ log(l + ^ • [C]) ^ ^ / log(l + ^-[n]4.(C)]) _ log(l + V; • [^C)]) \ 
n ■ if) if) \ n ■ ip if) I 

It remains to be shown that the ^th power of the right-hand side is equal to g\(n — 1)^' • T. But 
when calculating the gth Pontryagin power of a class in CIIi(J/S') we can work modulo ^p 
and modulo homological equivalence. Now use that 

logjl + ^-[n]MC)]) _ log(l + ^-[^(C)]) ^ [nUm] _ 

n- ip V n ^ 

and that [n]* [t{C)] is homologically equivalent to • [t{C)] . □ 
Corollary 1.14. The homomorphism of CR{S)- algebras 

(3: CH,(J/5)(«>^CH,(C[°°V'5) 
restricting to s on CH*(J/5) and sending -ul"*' to [Cl"*'], is an isomorphism. 
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Proof. Write A := CH*(J/S'). We have a nilpotent element ip E A and, via the isomorphism 
of Theorem 1.11, a homomorphism of ^-algebras /3: A(^uj A(^x'^. Write A := A/^tp) and 
consider the induced map /3: A(^u) A{x). By (1.12.2) we have 

m— 1 

for all m ^ 0. Prom this it follows by an elementary argument that (3 is an isomorphism. □ 

Remark 1.15. The relations we have obtained greatly simplify if we calculate modulo V'- 
(This applies for instance if we work over a field.) Theorem 1.11 gives 

n 

a ^ Yl 4^*(C-m,n(«))) * mod (V) 

m=0 

for a e CH*(CW/S'). Modulo the identities (1.13.2) and (1.13.3) take the form 

5! 5! V n(n-l) ; 

2. Operators on the Chow (co)homology 

In this section we study several geometrically defined operators on CH^,(C[*l/5'). These 
operators, which have been studied in detail in [18], play a key role in the proofs of the main 

results of the paper. After recalling the definitions, we give some examples of the operators 
that are most important for us, and we prove some identities that are used later. The main 
result is Cor. 2.3. 

Given integers ^ m ^ n, let Sm,n- C Xs C*!""™] C'"' be the morphism given 
by (p,D) I— > D + m ■ p. In [18], one of us has defined and studied a family of opera- 
tors Pi,j{a): CH^(CM/'5) ^ CH^jc'I^+^^-'V^), for i, j ^ and a G CH(C), given by 

Pi,j{a){x) := {si^n+i^j)*{pTl{a) ■ s*,,{x)) . 

These give rise to operators Pi,j{a) on CH*(C[*]/<S'). Also in [18] the commutation relations 
between the various operators Pj ^ (a) were calculated. 

Examples 2.1. We write [po] for the class of po('S') in CRq{C/S). 

(a) The operator Po,o(a) : CH*(CM/5) ^ CH*(CN/5) is given by x ^ 7r*(a) • x, where 
we recall that tt: C — > 5 is the structural morphism. (To avoid confusion, note that in the 
expression 7r*(a) -x we view 7r*(a) as an element of CH(C['*1) via puUback, and the dot denotes 
intersection product.) 

(b) The operator Pi,o(a): CH*(CN/5) ^ CH^Cl^+iV-^) is given by x ^ a * x. In 
particular, Pi,o([po]) = Wi,*- 

(c) Let pri : C X5 C^"-^^ C and pr2 : C X5 C7["-il ^ Cl""^! be the projections and let 
a = ai,„_i: CxgC^'^'^^ ^ C^. Then the operator Po,i(«) : CH,(CW/5) CH,(C["-il/'5) 
is given by X 1-^ pr2 (pr|(a)-a*(.x)) . In particular, Pq.i ([Po]) = ^n- Using this last identity it is 
not difficult to show that for a £ CII(C) and ra ^ 0, we have the relation Po,i(bo])(^n,*(a)) = 
n-p^{a) * [po]*^"~^^- We shall use this later. 
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(d) The operator Pi,i(a): CH,(CW/5) ^ CH*(CW/5) is given by x ^ a*(pr*(a)) ■ 

X = (a * [C'""-^!]) • X. For instance, for x € CH*(C["V'5') we have Pi,i(C)(x) = n ■ x, and 
-Pi,i(bo] + V')(a;) = n X. Also, Pi,i([po]) = ^'i,o([Po]) o ^0,1 ([Po]), which is the operator 
in,*in sending x to Rn ■ x. 

As we have seen in the above examples, -Pl,o (bo]) is the operator x [po] R-ecall from 
Lemma l.l(ii) that CR^{C^°°^/S) is the quotient of CR^{C^'^/S) modulo the ideal ([po] - l)- 
Hence any operator on CH*(C[*]/S') that commutes with i^i,o(bo]) induces an operator on 
CH^(C[°°^/5'). In particular, it follows from the commutation relations in Thm. 0.1 of [18] 
that this applies to all Pij{a) for a G CH(C) with Pgia) = 0, so for all such classes a we get 
induced operators Pij{a) on CH*(C[°°1/<S'). 

As an example, the derivation ^ fl — considered before is the operator Pi^i (bo] + "0) • 

Next we recall that in [18], section 3, also divided powers of the operators Po,n{C) and 
Pn,o{C) were introduced. Concretely, we define 

Pn,o(C)H (x) := * X and Po,n(C)H (x) := ^.^m (x) , 

where c^^T^ := [n]*([CH]) g CH„ (Cl"'"]/'^) > and where for a class a G CH*(CW/^) we 
define maps Ua'. CH*(CW/^) ^ CR^C^^-^yS) by i/„(x) := pr2,, (pr^ (a) • a* ._;^(x)) . These 
operators are indeed divided powers, in the sense that Po,n(C')'^' = Po,n{C) and -Po,n(C')^'' ° 
-Po,n(C)H = (^+™) . Po ,,(C7)['+"^l, and hkewise for the P„,o- In particular, m! • Pn,o(C)t'"l = 
P„,o (C)- and m! • Po,n (C) H = p^, „ (C)- . 

The most relevant for this paper is Po,i{C)^"'^ : CR^C^^^/S) CH*(C[^-"^l/^)> which is 
given by 

Po,i(C)H(x)=pr2,,a;,,^._^(x). 

To prove the properties that we shall need, it is useful to work with some of these operators 
directly on the level of cycles. Given a scheme X over S, write Zi{X/S) for the group of 
cycles on X of dimension d + i. (So i is the relative dimension over S and may be negative.) 
Let Z^{X/S) := ®iZi{X/S). 

Let tm,N'- C X C[^~"*l — > C X Ct-'^l be the morphism sending {x,D) to (x,m • x + D). 
Write Z^C^'^S) = ®n Z^{C^^ / S) and Z^{C x C^-'^S) := ®n Z^C x C^^yS). Then we 
can define operators Vm,! ■ Z^C^'^S) ^ Z^C x C^^/S) by 

(2.1.1) Pm,i(C) := (im,iV+m-i)*<iv(C) for C £ 2* (Cl^V-?). 

Note that the map si^n = "i.iV-i: C X5 Cl-^"^! Cl^l is flat (see Remark 1.2 in [15]), 
so Vm,i is well-defined on the level of cycles. It respects rational equivalence and therefore 
induces an operator Vrn,i- CH*(CW/5) ^ CH*(C x C^'^S). 

The Pontryagin product makes Z^,{C^*y S) a commutative ring, and makes2:*(CxCW/5') 
into a ^*(C[*l/5)-module. Finally, let us observe that Po,i(C)['"l ig also well-defined on the 
level of cycles since the maps am,N-m' C*'"*' x C^^""^^ C^^l are flat. 

Lemma 2.2. (i) For every m ^ the map Vm,! '■ 2*(C''*V'S') Z^{C xsC^*^ /S) is a deriva- 
tion. 
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(ii) For all and all (^i, (^2 G -2^*(C''*V'^) '^^ have 

n 

(2.2.1) Po,i(C)t"HCi *C2) = E Po,i{CtKC,i)*Po,i{Ct-''\C,2). 

Proof, (i) Let Zi C C'^] and Z2 C Cl'^J be closed subvarieties. We need to check the equality 

of cycles 

(2.2.2) ([Zi] * [Z2]) = Pm,l(^l) * Z2 + Pm,l(^2) * ^1 

on C X (7[A^+^-i+"i]. Consider the diagram with cartesian squares 



idXQM,, 



OlM,N 



Let TT := pr23 o r: 11 ^ (^I*^] X5 C'^^, and note that o ti^M+N = si^m+n- The left-hand 
side of (2.2.2) is equal to the push-forward of the cycle of the subscheme 7r~^{Zi Xs Z2) under 
the map tjn,M+N-i+m ° 

Recall that T>m C C X5 C^"*! denotes the universal divisor over Cl"*!. Further note that 
ti,M+N is a closed immersion whose image is precisely Vm+n- Hence, 11, viewed as a closed 
subscheme of C Xg C^^' xg C^^\ is the effective Cartier divisor (id x aM,N)~^T^M+N- It 
follows that 7r~^(Zi Xs Z2) is equal to the pull-back of this divisor io C Xg Zi Xg Z2. Now 
the required formula follows from the equality of Cartier divisors 

(id X aM.NY^'^M+N = P^ii'Du + P'^ii'I^N 

that holds by definition of the map aM,N- 

(ii) We have Po,i(C') = * ° ^0,1 > so it follows from (i) that Po,i(C') is a derivation, 
too. This implies that (2.2.1) holds after multiplication on both sides by n!. But the group 
of cycles has no torsion; hence (2.2.1) holds. □ 

Corollary 2.3. (i) For any a G CH(C) and n ^ the operator Pn,iia) on CH*(CW/5) is a 
derivation. If pQ{a) = then Pn,i(o) is a derivation on CH*(C[°°1/'S')- 
(ii) For all n^O and all x, y G CH*(CW/5') we have 

n 

Po,i{Cp {x*y) = Y^ PoACp {x) * Po,i(C)["-^I (y) . 

Proof. The operator Pm,i(a) is related to the operator Vm,i by the identity 
(2.3.1) Pm,i{a){x) = pr2*(pria • VmA^)) ' 

where pr^ : C x^C^*! C and pr2 : C xgC^'^ Ct'l are the projections. It is easy to see that 
the map CH*(C X5 C^/S*) CH^,(CW/5') given by y 1— > pr2^(prja • y) is a homomorphism 
of CH*(C[*])-modules. Hence (i) follows from (i) of the lemma, and (ii) is immediate from 
(ii) of the lemma. □ 



15 



3. The Chow homology of cW 



In this section we prove the core result of the paper, namely that the Chow homology 
of Cl'l over S is isomorphic to CH*(J/S') [t] (^u). Somewhat surprisingly, we find two natural 
ways to define such an isomorphism. The isomorphisms CH* (J/S*) [t] (n) ^ CH* ((7W /iS) 
that wc obtain are equal modulo ip but in general they are diff'erent. The images of the 
variables t and all in CH^(CW/.S) arc the same in both cases; the difference lies in the 
way that CH*(J/5) is embedded into 01^,(0^'^ S) as a subring. Taking quotients, we also 
obtain a second isomorphism CH*(J/5')(u) ^ CH*(C[°°1/S') that in general is different from 
the isomorphism P of Corollary 1.14. 

We also give a description of the various differential operators sj™' and du in terms of the 
geometrically defined operators that we studied in Section 2. Further we prove some results 
about how CH*(J/5) sits embedded into CH*(C[*]/5), which is one of the most intriguing 
aspects of our result. 

Let us give an overview of the most important notation that we use. (The precise details 
are given later, in a different order than we introduce notation here.) In addition to the 
section s defined in (1.6.1) we shall introduce another section s' of the map a*. Also we shall 
define a section r of the map q*. 



CH,(CW/5) — CH,(C[~V5) CH,(J/5) 

Then we shall have isomorphisms (3, 7: CH,(J/5)(n) ^ CR^C^'^yS) given by s and s', 
respectively, on CII*(J/S'), and by u^"^^ [C'"*]] . Next we have s := r o s and s' := r o s', 
which are sections of a* = a* o . 



CH*(CW/.S) CR^J/S) 

We shall consider the subrings K, L c CH^,(C'*l/6') with K = Im(s') and L = Im(s). Finally 
we have isomorphisms P, 7: CH*(J/S')[t](n) ^ CH*(C[*1/S') given by s and s', respectively, 
on the coefficients, and with t [po] and nl"*! >—>■ [C^"*!] . 

Now we turn to the actual work. We start with two easy lemmas. 

Lemma 3.1. Write [po] G CHo(C/5) for the class of po{S) C C. If r: CH^CM/-^) ^ 
CH,(CW/5) is a (homomorphic) section of then the homomorphism 

hr-. CH,(C[°°V'5)M ^CH,(cW/5) 
given by r on the coefficients and sending t to [po], is an isomorphism of C}i{S)- algebras. 

Proof. It is a priori clear that the kernel of hr is contained in the ideal (t — 1). Now use that 
[po] — 1 is not a zero divisor to conclude that hr is injective. To see that hr is also surjective, 
we note that for any y G CH* (C'*! / S) we can write 

y = hr{q*{y)) + (bo] - I) *z 
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for a unique z G CH*(CW/S'), as y — hr{q*{y)) is in the kernel of q^. Further, if y G 
®n^N CH*(CM/'S') then z G ©n^AT-i CH*(CM/'S'), so by induction we find that y G Im{hr). 

□ 

Lemma 3.2. Let R be a commutative ring. Let L C R be a nilpotent ideal; so I" = (0) for 
some n > 0. Let M be an R-module, and let N and N' be direct summands of M that have 
the same image in M/IM. Then any projection p: M ^ N (with p\^ = idpf) restricts to an 
isomorphism N' N. 

Proof. Let a: N' ^ N he the restriction of p. The assumption that A*" is a direct summand 
implies that N/IN maps isomorphically to the image of N in M/IM; likewise for N'. Hence a 
is the identity modulo J, which implies that it is surjective. Similarly, if we choose a projection 

p' : M ^ N' then /? := : N N' is the identity modulo /; hence (i o a: N' ~y N' differs 
from the identity on A^' by a nilpotent map. This implies that (5 o a \s invertible; so a is 
injective. □ 

Following [18] we consider 

K := Ker(Po,i([po])) n f| Ker(Po,i(C)'"^) C CU^id'^/S) . 

Note that by Cor. 2.3, K is a subring of CH*(CW/5'). As proven in [18], Cor. 3.11, we have 
an isomorphism of CH*(S')-algebras 

(3.2.1) K[t](u> ^ CH,(CW/5) 

sending t to [po] and ut™"! to [C'"*!] . Moreover, under this isomorphism the operators sj"^ 
(see 0.1) and du correspond to -Po,i(C')^"'^ and -Po,i(bo] + respectively. (See the proof of 
Proposition 3.10 in [18].) In what follows we shall use (3.2.1) as an identification. From the 
given description of the operators s]"^ we get 

= n„^iKer(af]) = n„^i Ker(Po,i(C)["l) • 
Further, as CH*(C[°^l/5) is the quotient of CH=^((7[*1/S') modulo [po] — 1, the composition 

(3.2.2) IfC(n> ^ CB^C^'^/S) CB.4d°°^/S) 
is an isomorphism. We define the section 

r: Cil4d°^^/S) CH,(CW/5) 

of the map as the inverse of this isomorphism. (So Im(r) = K{u) C CH*(CW/S').) We 
shall give an alternative description of r in Remark 3.9 below. 

Theorem 3.3. Let s := ros: C}^^,{J/S) CH*((7[*1/S'), where s is the homomorphism 
given in (1.6.1). Then s is the unique lifting of s with the property that Im(s) is contained in 
Dn^i Ker(Po,i(C)["l). Furthermore, the map 

i3: CH,(J/5)[t](n) ^ CH,(CW/5) 

restricting to s on CH(J/5) and with t [po] and u'™' i-^ [C'™'], is an isomorphism of 
CIl{S)-algebras. 
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Proof. The first assertion follows directly from the definitions. The assertion that /? is an 
isomorphism follows from Lemma 3.1 together with Cor. 1.14. □ 

Now we give the second isomorphism between CH^{J / S)[t\{u) and CH* (CW/S'). 

Theorem 3.4. The homomorphism a^: CH* (CW/S") — > CH*(J/S') restricts to an isomor- 
phism K — >■ CH*(J/S'). Denoting by s' : CH*(J/5') — K. its inverse, we obtain an isomor- 
phism 

7: CH*(J/5)[t](u) ^CH,(cW/5) 
restricting to s' on CH^,(J/S') and with t [po] C'l^d u'™! 1-^ [C^"^]] . Under this isomorphism 
the operators dl^^ and du correspond to -Po,i(C')''*' o-i^d -Po,i([Po] + V'); respectively. 

Proof. All we need to prove is that cr* : CH*(C[*1/>S') CH* (J/S*) restricts to an isomorphism 
K. — > CH^< (J/S"); the remaining assertions then follow from (3.2.1). 

Write A C CH4C[°°V'5) for the image of the section s. Write B C CR^C^^^^S) for 
the image of IK under the isomorphism (3.2.2). The map s o a* : CH,(CM/5) ^ A IS a 
projection, and we are done if we can show that it restricts to an isomorphism B — > A. 
For this we use Lemma 3.2. Note that A and B arc direct summands of CH*(C[°°1/S') as a 
CH(S')-module. Hence we are done if we can show that A and B are equal modulo ^Jj. But 
we know that B is the kernel of -Po,i([Po] + V')) whereas by Thm. 1.11 A is the kernel of 
the operator (^ n -) = Pi,i(bo] + V')- Now use that Pi,i([po]) = -Pi,o(bo]) ° ^0,1 (bo]) and 
note that the operator Pi_o([Po]) (g 

iven by the maps in,*: 

see 2.1) induces the identity on 
CH*(C[°°V'5)- O 

Remark 3.5. Prom 7 we obtain, passing to quotients modulo the ideals generated by t — 1, 
respectively [po] — 1, an isomorphism 

(3.5.1) 7: CH,(J/5)(«> ^ CH*(C[°°V'5) ■ 

It turns out that 7 is not, in general, the same isomorphism as the isomorphism /? that we 
obtained in Cor. 1.14. (See the next theorem.) 

If j: CR,{J/S){u) ^ CR4.J/S)[t]{u) is the inclusion map and evi : CR^J / S)[t]{u) 
CH* (J/5')(n) is the map given by t 1-^ 1 then in the diagrams 

CR,{J/S)[t]{u) CH,(CW/5) CR.iJ/S)[t]{u) -y CH,(CW/5) 



cvi 



evi 



CR,{J/S){u) ^ CH,(C[°°l/5) CR^{J/S){u) ^ CH,(C[°°l/'9) 

both the squares with upward vertical arrows and those with downward vertical arrows are 
commutative. 

The restriction of 7 to CR*{J/S) C CH*(J/S')(n) defines a homomorphism 

s': CR,{J/S) ^ CR,{d'^^/S) 

that is a section of a*. We have s' = r o s' . If we apply Lemma 3.1 to the section r then we 
obtain an isomorphism /tr : CH^,(C[°°l/5) [t] ^ CH,,(C[*1/»S'). By construction, if we identify 
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CH*(C[°°l/'5) with CR4J/S){u) via the isomorphism 7 then hr gives the isomorphism 7. 
Likewise, if we identify CH*(C[°°l/'5) with CH*(J/5)<u) via the isomorphism /3 then hr gives 
the isomorphism ^9. 

Theorem 3.6. (i) The isomorphisms P, 7: CH*(J/S') [t] (u) ^ CH*(CW/5') are equal mod- 
ulo tp- 

(ii) Write Sj™^ and 3„ for the operators on CH*(Cl*l/S') that correspond, under the iso- 
morphism 7, to the differential operators sj"''' and du on CH*(J/5) [t] (u^. Similarly, write 
d["^^ and Du for the operators that correspond to s]™^ and du under the isomorphism /3. Then 
we have the relations 

D„ = (1 + ipu)-^ ■ {du - iptdt + m,i{c)) 

= (1 + ^u)-' ■ (Po,i([po] + V') - m,i{c) + m,iic)) . 

(iii) XeiKN :=KnCH*(CW/5). Then 

Im(s')=K= e and Im(s) = (1 + V^m)"" • . 

Proo/. It win be convenient to set L := Im(s), so that h[t]{u) = CH*(CW/S'). Note that 
(3.6.1) K{u) = Im(r) = L(n) 

as subrings of CH^,(CW/>S'). Under we have Im(r) ^ CH^,(C[°°^/S'), and as we have seen 
in the proof of Thm. 3.4 the images of K and L in C'H^{C^°°y S) are equal modulo ip. Hence 
K and L have the same image in CH*(CW/S)/(?/)), and this implies (i). 

Next wc prove (ii). It is immediate from (3.6.1) that £>|™' = c^j™' for all m. Consider the 
operator := du — ip -tdt + ip • Pi^i{C). Our goal is to show that = (l + ipu) ■ Du- We know 
that Du is a derivation, and it is easy to check that Du(t) = and Du{u) = 1 + ipu. Hence 
we are done if we can show that L C Ker(l)„). Using [18], Theorems 0.1 and 3.2, it is easy to 
see that [Z)„,5|"*'] = for all m. In particular, h{u) = H^^i Ker(9|"*') is stable under Du- 
Also the ideal generated by (t — 1) is stable under Du, so Du induces a derivation Du on 
CH4C[°°V'S')- Under the isomorphism L(n) ^ CH*(C[°°l/5') the restriction of 5„ to h{u) 
corresponds to the operator Du on 

CH^Cl^l/-^)- Now we use the identities 

du = Po,i{\po] + V') , dt = Po,i(C) , and t • Po,i ([po]) = (bo]) ■ 

These allow us to rewrite Du as = Pi,i(bo] + V") ~ (* ~ 1) " It follows that D„ is the 
operator Pi^i ([po] + V') = H — ), and we know that this operator is zero on Im(s), which is 

the image of L in CH*(C['^1 /S). 

(iii) Consider the grading of CH*(C[*1/S') for which CH*(Cl"l/S') is placed in degree n. 
The operators c?]'"' = Po,i(C)[™l and du = Po,i(bo] + V') both homogeneous for this 
grading, of degrees — m and —1, respectively. Hence K = ®K^'"h It is easy to check that for 
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X e KN one has D^{{1 + V'u)-" ■ x) = 0. Hence, 

^ (1 + Vw)"" • C Pi Ker(5j"^) n Ker(£>„) = Q Ker(L'j"l) n Ker(L>„) = L . 

Since this inclusion becomes an equality modulo ■0, it is an equality. □ 

Caution 3.7. While the section s is compatible with the operators [N]:^ (see Lemma 1.10), 
this is definitely not true for the section r, and therefore also not for s and §'. In fact, K and 
L C CH*(CW/S'), are not stable under the operators [N]^. In Section 7 we shall prove that 
there is still a very interesting relation between s (or s') and the operators [iV]*. 

Corollary 3.8. (i) We have s'(CHj(J/5)) G e„^i+iKW. 

(ii) We have s'{[J]) G KI^^I. This class freely generates KnCIlg{C^*^/S) ^ Z. 

(iii) We have 

5([J])=(l + ^u)-2^.5'([J]). 

Proof, (i) Recall that the grading IK = KI^I is compatible with the grading by dimension. 
It remains to observe that IKI"! cannot have nonzero classes of relative dimension i ^ n. (For 
i <n this is obvious; for i = ra use that CHj(CW/'S') = Z • 

(ii) Since K projects isomorphically to CH*(J/S') we have that K n CRg{C^'^/S) = 
CBg{J/S) ^ Z. Hence, Kn CHg(CW/S) coincides with KW n CHg(CW/S) for some n and 
is freely generated by s'([J]). Next, observe that modulo we have s'([J]) = = r{T). 
Hence, by Remark 1.9(i), we obtain that n ^ 2g. On the other hand, since g\s'(^[J]) = 
s'([i(C)])*^, it follows from (i) that n ^ 2g. Therefore, n = 2g. 

(iii) By part (iii) of Theorem 3.6 the right-hand side belongs to L. Since its push-forward 
to CH*(J/S') equals [J], this implies our identity. □ 

Remark 3.9. We have defined the section r : CH^Cl"^] /S) K{u) C CH^(C['] /S) by taking 
the inverse of the isomorphism (q'*)!^^^^: K{u) ^ CH* (C[°°l /S') . Under the identification 

K[t](n) = CH*(C[*1/S') the endomorphism r o is the map F(t,u) ^(1,^), which is the 
operator Yln^o ~ t)"'^]"'. Recall that t acts by the multiplication with [po], while ^j"' 
acts by Po,i(C')^"^; so only finitely many terms in this sum will be nonzero when acting on 

CH,(C[^] /S) for some fixed N. 

Thus, if for x € CH*(C[°°l/5) we choose an arbitrary y G CH*(CW/S') with g*(?/) = x 
then we have 

(3.9.1) r(a;) = ^ (l-bo])™*Po,i(C)W(y). 

Note that r{x) is the unique element 

x = {xo,S:i,i2,---) G CH,(cW/5) 

with the properties that q^{x) = x and -Po,i(C')''"l (x„) = Q for all m,n^ 1. 

We also find a more explicit description of the map s := ros : CH,(J/5) ^CH,(CW/5). 
Namely, if we hft the class T e CHgiC^°°yS) to some class T{N) e CRg[c^^/S) then we 
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get, for z G CH*(J/5'), the identity 

(3.9.2) ~s{z) = Y.{\- [po])*" * P^Act^ K(^) n r(iv)) . 

As an application, we obtain some results on how CH* (J/S") embeds into CH*(C[*l/5) 
via either s or §'. First we prove a lemma. Recall that in-sn- 

Cl^-s] _^ c^n] ig tj^g inclusion 

given hy D D + s ■ pq. 

Lemma 3.10. For every k with ^ k ^ n one has a relation 

k 
s=0 

in CH*^(C["1), for some integers c{n,k,s). 

Proof. The case A; = 1 follows from the definition of 

^n = (^n-l,n)*[C['^-'l]+nV'[CW]. 

To deduce the general case use induction on k together with the fact that = ^n-i- ^ 

Proposition 3.11. As before, consider K = Im(,s') and L := Im(s). 

(i) The class T G Cilg{C^'^^ / S) can be lifted to a class m CHg(C[^l/'5) for some N if 
and only if hc CR^C^^^^/S). 

(ii) If for some i and N we have LnCHi(CW/5) C CH^C^^^yS) then also Kn 
CHi(CW/5) C CH,(C[<^V'5)- 

(iii) Both K and L are contained in CB.^{C^^'^^~^'^ / S) . Further, if i ^ g — d then under 
both sections s and 5' , the image of CE.i{J/S) is contained in CH* (C'^f /S") . 

Proof, (i) This follows immediately from (3.9.2). 

(ii) Given a nonzero element y e kI-^I n CRiiC^'^S), part (iii) of Thm. 3.6 shows that 
(l + ^n)-J-yisinLnCHi(CW/.5) C CRiiC^^^y S) . On the other hand, (l+^pu)-^ -y = y + z 
with z e CR^{C>^yS). Hence, we should have j ^ N. 

(iii) By part (ii) it is enough to prove the assertion for L and s. Let n = 2g + d. As we 
have seen in the proof of Thm. 1.6, we can lift the class T G C}ig{C^°°y S) to a class r(?7,) in 
CHg(CW/'5)- It then follows from part (i) that L C CH*(C[^"l/'5)- 

Next consider an irreducible subvariety Z C J of dimension m ^ g. Note that [Z] G 
CRrn-diJ/S). By (1.9.1) we have 

a:{[z]) n r(n) = ^ n <(c„_,_,(£;„) n [z]) = ^ n a;(c„_,_,(E,) n [z]) 

k'^O k'^g+d—m 

where the second equality holds because Cn-g-k {En) H [Z] can be nonzero only lin—g — k ^ m, 
i.e., k^n — g — m = g + d — m. Let yk := a^{cn-g-k{En) H [Z]). Lemma 3.10 then gives 

k 

al{[Z]) nT{n) = Yc{n,k,s)-{in-s,n)*{in-s,nT{i^'"~"yk) ■ 

k'^g+d—m s=0 
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But * = for A; — s > d, so in the second sum we can restrict to indices s^k — d^g — m. 
This shows that s{[Z]) can be hfted to an clement in CH*(C["-3+'"V5) = CH*(C[»+'^+™l/'5), 
and by our description of the section r it follows that s([Z']) lies in CH*(C[^^"'"'^"'""^l/5'), which 
is what we wanted to prove. □ 

In the proof of the proposition wc have used the fact that the class T can be lifted to a 
class in CRg{C^^9+d] / s). The following coroUary gives the smallest n such that T admits a 
lifting in CHg(CP9+"l/5). 

Corollary 3.12. (i) The class T € CRg{C^°°yS)Q cannot be lifted to CRgiC^^^-'^^ / S)q. 

(ii) The integral class T € CRgiC^°°^/S) can be realized in CHg((7Pf+"]/5) if and only if 

nr=o(25+o-r+' = o. 

Proof (i) If we could lift T to CBg{C^'^9-i] / s)q then by Prop. 3.11 this would imply that 
K C CH*(CK23-i]/5-)^_ kno^ ^^jg^t j^gff] ^ by Corollary 3.8(h). 

(ii) Using Prop. 3.11(i) we find that F can be realized in CH*(CP»+"V'S') if an only 
if s{[J]) = r(T) lies in CH*(CK2g+n]/^) gy q^j. s.8{m), the component of s{[J]) in 

m— 1 

(-1)"" n + ^) ■ V''"^*''"' ■s'iiJ]), 

1=0 

where s'([J]) G kPa]. By (3.2.1), this expression vanishes if and only if 

m— 1 

n(25 + i)-V'"^-5'([J])=0. 

i=0 

Pushing forward to J we sec that this is equivalent to the vanishing of 112=0^(25' + ^) ' V'™- ^ 

Corollary 3.13. //we work with Q- coefficients, the class T can be lifted to CRg{C^^3-i]/s)Q. 
Hence, Lq is contained in Cll^,{C^^^^~^y S)q. 

Proof. This follows from the well-known vanishing i/j^ = 0; see Theorem (1.1) of [12]. □ 

4. MOTIVIC INTERPRETATION 

In this section we reformulate the main results on the Chow homology of C'*! and C^°°^ 
in motivic language. See Thms. 4.2 and 4.3. We obtain this motivic interpretation by a slight 
generalization of the "Manin Principle" . 

As before, 5 is a smooth quasi- projective variety over k. We write M{S) for the category 
of Chow motives over S with respect to graded correspondences, and M.+{S) C M{S) for the 
subcategory of effective motives. See [4] and [11], but note that we here consider the theory 
with Z-coefhcients. Writing V{S) for the category of smooth projective S-schemes, we have 
a functor R{-/S): V(5)°pp ^ M+{S). If / : X ^ F is a morphism in V{S) then we shall 
usually write /* : R{Y/S) R{X/S) for R{f/S). 

For n G Z, define l(n) := (S", id, n), which is the unit motive Tate-twisted by n. 
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On M{S) we have a duality M , where the dual of M = {X,p,m) is = 

{^X,*p,d — rnj if X is of relative dimension d over S. We write R^{X/S) := R{X/S)'^, and 
we call this the homological motive of X. If /: X ^ y is a morphism in V{S) then we 
write : R^{X/S) R^{Y/S) for R{f / SY . (Of course, if X has relative dimension d then 
R^{X/S) = R{X/ S){d), so the main difference between the functors R and i?* is their effect 
on morphisms.) 

Recall that a multiplicative structure on a motive M is a morphism a: M <^s M M. 
For instance, the group law on the Jacobian J gives rise to a "Pontryagin multiplicative 
structure" on R^,(J/S); cf. [11], section (2.5). Given motives M and with multiplicative 
structures a and respectively, we say that a morphism F: M ^ N is compatible with the 
multiplicative structures if /? o (F (g) F) = F o a. 

The Chow groups of a motive M are defined by CH"(M/S') := Hom_vi(5) (l(-n), M) . 
If M carries a multiplicative structure then this induces the structure of a graded ring on 
CH*(M/5) := Qrn CH™(M/5). 

As we want to work with ind-schemes and schemes that are not of finite type over S, we 
need to consider the ind-category Ind-A^(S'). The (8>-structure on M.{S) naturally extends 
to one on lnd-A4{S). 

We now return to the situation as in 0.1. We consider the objects in Ind-A4{S) defined 

by 

i?.(CW/5) :=©„^oi?*(C["V'5) 

and 

i?*(C[°"V'5) := lim'' {R,iS/S) ^ R^C/S) ^ R^d^^ /S) ^ R^d""^ /S) ■■■) . 

(We use the notation "lim" to avoid confusion with inductive limits taken in A4{S); recall 
that inductive limits in an ind-category do not, in general, agree with inductive limits in the 
original category, if they exist.) The addition maps am,n give rise to multiplicative structures 

a: i?,(CW/5) (^i?,(C['V5) ^ R^i^'^S) 

and 

a: R,{d^^/S) ® R,{d°^yS) ^ R,{d°°yS) , 

referred to as the Pontryagin multiplicative structures. We have morphism q^, : R^,(C^*y S) — > 
i?*(C['l/5') and a*: R^{C^'^^/S) R^{J/S) that are compatible with the multiplicative 
structures. As before we define cr* := cr* o q'^, which is a morphism i?*(C[*l/S') — > R^{J/S). 

Note that the Chow ring of the motive R^:{J/S) is just the Chow homology of J over S 
with upper indexing: CRi{J/S) = CR^' {R^J/S)); likewise for and C^'^^^S. The 

structure of a graded ring that is induced by the Pontryagin multiplicative structures on the 
motives is of course the one considered before. 

Let GrAb denote the category of Z-graded Z-modules. To a motive M over S we associate 
the functor ujm- V(5)°pp ^ GrAb given by uuiX) = CB.*{R{X/S) M). A Yoneda-type 
argument gives that the functor M ^ lum is fully faithful; cf. [20], section 2.2. We need an 
extension of this "Manin principle" to (countable) direct sums of motives. First we extend 
the definition of ujm to ind-motives: If M = "lim"Mi then we define ujm{X) := hma;Mf(-'^)- 
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Lemma 4.1 (Manin Principle). Let M = ©jg/ Mj and N = ©jgj Nj be direct sums of motives 
over S, viewed as objects in Ind -M (S) . Then the natural map 

(4.1.1) Homi„d-x(S)(M, A/") ^ Hom(a;M, wat) 

is bijective. In particular, given an isomorphism of functors /: lom '^n there is a unique 
isomorphism of ind-motives /mot '■ M — ^ N with a;(/mot) = /• 

Proof. It suffices to prove that (4.1.1) is bijective if M is an ordinary motive (so #1 = 1), 
as Hom(©Mj,A^) = ]^Hom(Mj,Ar) and }iom{(B(jJMi,<^N) = Yl^oTa{ujMi,<^N)- Further, as 
we can invert Tate twists, we may assume that M = {X,p,0) for some X G V(-S') and some 
projector p G Corr°(X, X). Then Ilomi^^_j^(^g-j{M, N) is the image of the endomorphism 
F F o p oi Homjjj(j__yv((5) (i?(X/S'), A^) , and similarly }lom(LOM,^N) is the image of the 
endomorphism / i-^ / o u;(j)) of Hom(a;^(x/S'))'^Af)- So we are reduced to the case M = 
R{X/S), where we may further assume that X/S is of relative dimension d for some d. In 
this case the usual Yoneda argument applies. Namely, for any N G Ind -M.{S) we have 
Romind-M(S)iM , N) = CIl'^{R{X/S) (S>s N) = u)%{M), and given a morphism of motives 
F: M ^ N with associated natural transformation / = uj{F): lom we have that 

F = /(id^), viewing idjvf as an element of uj'Ij{M) and F as an element of aj^(M). □ 

Define i?,( J/5) [l] (l(l)> G lnd-M{S) to be the direct sum Qij^o R*{J/S){-j) ■ tV^, 
where and ut-'l are formal symbols, inserted for bookkeeping purposes only. We have a mul- 
tiplicative structure on i?*( J/S*) [l] (l(l)) induced by the Pontryagin structure on i?*(J/S'), 
and with (fut^l) ® (t'^uW) ^ {^y)f+''u^+^l We think of R^{J/S)[l\{l{l)) as the polyno- 
mial algebra over R^{J/S) in two independent "variables" 1 (the unit motive) and 1(1) (the 
Tate motive), where 1 is an ordinary variable and 1(1) is a PD-variable. If X is smooth and 
projective over S then '^_r,(j/5)[i](i(i)}(^) is just the polynomial ring CH*(Jx/-^) [t] (u-) on 
which the grading is given, taking into account the rule uoi := a;"*, by the natural grading on 
CH.^{Jx / X) and placing t and u in (lower) degrees and —1, respectively. 

Theorem 4.2. We have isomorphisms 

Pmoulmof- R.iJ/S)[l]{l{l)) ^ R^C^'^/S) 

in Ind-A4(S'), compatible with the multiplicative structures, such that the induced isomor- 
phisms C}l^,{Jx/X)[t'\(^u) ^ CH*(C^^/X) are the isomorphisms Px o-nd 7x of Theorems 
3.4 and 3.3, applied to Cx over X. 

Proof. All we need to remark is that the isomorphisms $ and 7 of Theorems 3.4 and 3.3 are 
functorial, i.e., they define natural transformations i^R^(^j/s)[i]{i{i)) ~^ ^R^{cl'l/S)- Now apply 
the Manin Principle. □ 

With obvious notation and similar proof we have an analogous conclusion for C^°°yS. 

Theorem 4.3. We have isomorphisms 

/?mot,7mot: R.{J/S){1{1)) ^ i?*(C[°°V^) 
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in lnd-M{S), compatible with the multiplicative structures, such that the induced isomor- 
phisms CY{j,{Jx / X)iu) — > CH*(C^'/X) are the isomorphisms Px and of Cor. I.I4 
and (3.5.1), applied to Cx over X. 

Remark 4.4. As in the case of the Chow groups, from the isomorphism 7inot we get a 
new grading on the motive R^:{J/S) which is different from the grading corresponding to 
Beauville's decomposition. In the case when S = Spec(A;), where k is an algebraically closed 
field, the corresponding decomposition of the motive of J with rational coefficients coincides 
with the one constructed by Shermenev in [21]. 

5. Compatibility with PD-structures 

In this section we assume that S = Spec(/i;) where /c is a field. In Section 1 of [15] we 
have defined natural PD-structures on ideals of classes of positive dimension in CH*(Ct*l) 
and CH*(J). We are going to prove that our isomorphisms CH^CW) ^ CR^{J)[t]{u) and 
CH*(C[°°]) ^ CR^{J){u) ^ CH*(J)(x) are compatible with the PD-structures. 

First we recall the main construction of [15], Section 1. We consider a commutative graded 
monoid scheme M = ©n>o -^n over k such that each M„ is a quasi-projcctivc fc-scheme and 
such that the addition maps /i : Mm x M„ — > Mm+n are proper. The two examples that are 
relevant for us here are M = Mo = J and M = CW. On CH*(M) := ©„^o CH*(M„) we have 
a Pontryagin product making CH(M) into a commutative ring, and CH>o(M) is an ideal 
of CH*(M) for this ring structure. In [15], Section 1 we have shown that there is a natural 
PD-structurc {'Jd} on the ideal CH>o(M). The idea of the construction is as follows. 

If Z C Mn is an irreducible closed subvariety then we define 7^ ([Z]) , the dth divided power 
of the class [Z], to be the image of the class of the closed subscheme Sym'^(Z) c Sym'^(M„) 
under the iterated addition map Sym'^(M„) — > M^n- Next consider a cycle ( = Yl^j=i ^[■^j]) 
where the nj arc integers and the Zj are mutTially distinct closed subvarieties of M of positive 
dimensions (possibly unequal). For d^ define 7d(C) ^ CH*(Sym'^(X)) by 

7d(C) := E • ■ ■ • 7di (^1) * • ■ ■ * Idr {Zr) . 

(iiH '^dr=d 

This gives us maps 7^: Z-^q{M) CH*(M). We prove that these maps descend to maps 
7d: CH>o(M) CH^M) that define a PD-structure on the ideal CH>o(M). This PD- 
structure is functorial with respect to push-forward via homomorphisms. We refer to [15], 
Section 1 for further details. 

We now apply this to C'*! and J. By functoriality, see [15], Thm. 1.6, the homomorphism 
di^: CH^,((7[*1) CH*(J) is a PD-morphism. Recall that it* factors as a composition of two 
surjective ring homomorphisms, namely g*: CH^,(C[*]) — > CH*(C[°^1) and a^: CH*(C'°°]) 
CH*(J). 

Lemma 5.1. The ideal Kcr(g^,) n CH>o(CW) is a suh-PD ideal o/CH>o(CW). Hence, the 
PD-structure on CH>o(C[']) induces a PD-structure 7 on CH>o(C7[°°l) C CH*(CM) such 
that the homomorphism o"* is compatible with PD-structures. 
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Proof. This follows from the observation that Ker(g*) PI CH>o(C''*^) is the principal ideal 
([po]-l)*CH>o(CW). □ 

Lemma 5.2. The sections 

s: CH,(J) ^ CH,(C[^1) , r: CH,(C[°°1) ^ CH,(CW) , 
and s = s': CH,(J) ^ CH^C^) 

are PD-morphisms. 

Here the PD-ideals we consider are the ideals CH>o. Note that s = s' because we work 
over a field. 

Proof. Let {A, 1, 7) be a PD-algebra and let J C ^ be an ideal such that / fl J is a sub PD- 
ideal of /. Let tt: A ^ A := A/ J he the quotient homomorphism, and let 7 be the induced 

PD-structure on / = tt{I). Suppose wc have a section s: A ^ A such that s(/) C /. Then s 
is a PD-morphism if and only if its image is a PD-subalgcbra of A. Now we apply this to the 
quotient morphisms : CH,(CW) ^ CH,(C[°°1) and a,: CH,(CM) ^ CH,(J) and their 
sections r and s, respectively. Hence to prove that r and s (and hence also s = ros) are PD- 
morphisms, it remains to prove that Im(r) = fl^^i Ker(Po,i(C')'"*') and Im(s) = Ker(^ fl — ) 
are PD-subalgcbras. 

Let ^ G CH>o(C'*l). We are going to prove that for all m ^ and d ^ 1 we have 

(5.2.1) 7^^,1(7^(0) = 7d-i(C) *^m,l(C) 
and 

(5.2.2) Po,i(C)H(7,(c)) = Yl 7do(C)*7d,(Po,i(C)(C))*7d.(Po,i(C)Pl(C))*--- , 

do + dx+dgH =d 

d-^ +2(^2 H =m 

where "Pm.i is the operator defined in (2.1.1), and where we interpret i-b,i(C')'™'' on the level 
of cycles; sec just before Lemma 2.2. By (2.3.1) it follows from (5.2.1) that Pra,i{a){'yd{x)) = 
jd-i{x) * Pm,iia)[x) for all x G CH>o(CW), which implies that Im(s) is a PD-subalgebra 
of CH*(C[°°1). (Recall that C n - is the operator Pi,i([po]).) Similarly, (5.2.2) implies that 
Im(r) is a PD-subalgebra of CH*(C!'l). 

To prove (5.2.1) and (5.2.2), note that 2*(CW) has no torsion; so it suffices to prove 
these identities after multiplication by some nonzero integer. We know that d\ • 7d(C) = C*"*) 
so it follows from (i) of Lemma 2.2 that (5.2.1) is correct after multiplication by d\. Similarly, 
since Po,i(C') is a derivation, (5.2.2) holds after multiplying both sides with m\d\. □ 

Now we can prove the main result of this section. 

Theorem 5.3. Assume that S = Spec{k), where k is a field. Then the isomorphisms 

h: CH*(J)(x) ^ CH*(C[°°1) of Thm. 1.11, 

P = -f: CH*(J)(u) ^ CH*(C[°°]) of Cor. 1.14 and (3.5.1), 
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and 



/3 = 7: CH*(J)[i](w) ^ CH*(C[*1) of Thms. 3.3 and 34, 

are all PD-homomorphisms. Here on the terms on the left we consider the natural PD- 
structures on the ideals generated by CH>o(J) and by all a;!™! (resp., ut™! ) for m ^ 1. 

Proof. The lemma gives that s, r, and s = r o s = s' are PD-morphisms, so it remains to 
check that [CH] = j^{[C]) and /i(xH) = 

(L) for m ^ 1. The first is immediate from 
the definitions. The second equahty is equivalent to Jjn{L) = for m ^ 1. This follows 
from the definitions using Remark 1.8. □ 

Remark 5.4. Our results imply (still working over a field) that the identities (1.13.1) and 
(1.13.2) are valid in CH*(C[°°1). In the proof of Cor. 1.13 we can simply replace (1.13.4) by 
the relation s{[l{C)])^^ = s{[l{C)]^^) = s{[J]) = T, which gives (1.13.2). 

6. Beauville decomposition and Fourier duality for C^°°^ 

In this section we consider Chow groups with Q-coefficients CH(?)q := CH(?) ®z Q- The 
main goal of this section is to give a Beauville decomposition for the Chow homology and 
Chow cohomology of C[°°l and to discuss how they are interchanged under Fourier duality. 

By [4], Thm. (2.19), we have a Beauville decomposition CU* {.J / S)q = (Bij CHq-^(J/S')q, 
where an element a G Cff(J/5)Q lies in CtV'^j-j{J / S)q if and only if [n]*(a) = n^*"-' • a for all 
n G Z. Further, 

(6.0.1) CH^j)(J/5)q can be nonzero only if max{i — g, 2{i — y)} ^ j ^ min{2i,i + d] . 

It is a conjecture of Beauville that CH^^.-|(J)(Q = if j < 0, at least over a field. 
In homological notation, let us define 

CH,,(,.)(J/5)q :=CHJ^-^(J/5)q. 

Then CH^,( J/5')(g) = ©jj CHj (•j)(J/5')(g), where an element a G CHj(J/5)Q lies in the subspace 
CHj (-j)( J/S')(Q) if and only if [n]*(a) = n^*"'"-' - a for all n G Z. The Fourier transform restricts to 
abijcction between CH^ (j)(J/S')q = CH^^''(J/S')q and CY{g-k-j,{j)i'^ / = {J / 

The following result gives a Beauville decomposition for the Chow homology and Chow 
cohomology of C[°°l. 

Theorem 6.1. Let 

Cff(^.)(C[°°V5)Q := {« e CHXC[~V^)q I [^]*« = • a for all iV ^ 0} 

and 

CHi,(j)(C[°°V'5)Q := {a G CHi(C[°°l/'9)Q | [N]*oc = N^'+^ ■ a for all N ^ 0} . 
Then we have bigradings 
CH*(C[°°1/'9)q = ®ij CHi^.)(C[~l/'9)Q and CH,(C[°°1/'5)q = CHi,(,-)(C[~l/'5)Q ■ 
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Identifying CH*(J/5) with a subring of CB.* {C^°°^ / S) via a* , we have 

Cff(^.)(C[-l/5)Q = ©n^o CH|-_"„)(J/5)q . r 

and CH^^.-j(Cf°°l/S')Q) can be nonzero only ifi — g^j^i + d. Similarly, identifying CH*(J/S') 
with a subring o/ CH*((7[°°1/S') via the homomorphism s we have 

(6.1.1) CH,,(,)(C[-V'5)q = ©n^O CRi_n,ij+n){J/S)Q * L*" 

and CHj^(j)(C[°°l/<S')Q can be nonzero only if—i^j^g + d — i. 

Proof. By (ii) of Lemma 1.3 we have ^ G CH^j^^(C[°°V'S')q- Using the projection formula, it 
then easily follows from the definition of L = lI^I that [N]^L = N L, i.e., L G CHi^(_i)(C[°°1)q. 
The first assertions of the theorem then readily follow from Thms. 1.4 and 1.11. The restric- 
tions on the pairs for which CH*^^-| and CHj can be nonzero follow from (6.0.1). □ 

Next we want to discuss Fourier duality for C[°°]. Given the isomorphisms in Theorems 
1.4 and 1.11, it is clear that there is a unique isomorphism CR^..{C^°^^ / S)q ^ CR* {C^°°^ / S)q 
that sends L to ^ and that restricts to the Fourier operator on CH(J/S')q. This isomorphism 
is in fact induced by an upper correspondence, as in [10], Section 3. 

Theorem 6.2. Define elements £ G CH^(C[~1 x^Cl^V-^) and r] G CH2(C[°°] xsC^^^S) by 

£:={ax a)*ci{Vj) and r? := pr*(e) • pr*(0 , 

with Vj the Poincare bundle on J Xg J ■ Then T := exp(£ + 77) is an upper correspondence 
in the sense of [10], Def. 3.2., that induces an isomorphism of CIl{S)iQ-algebras 

T: CH*(C[°°1/'5)q ^ CH*(C[°°1/'5)q. 
We have T{V) = ^, and if J^j is the Fourier transform on J the diagram 

CH,(J/5)q Off 



ch*(c[°°V'5)q ch*(c[°°V^)q 

is commutative. For x, y € CH*(C[°°]/5)q we have J^{x * y) = J^{x) ■ J^{y). Further, 
[-/V]* = [N\* o !F, and T induces a bijection between the spaces CHj_„ (j_|_„)(J/S')q * L*" 

(j+n) ^ 



and Cm+f .(J/S)Q-e- 



Note that, unlike the situation for the Jacobian, the Fourier transform does not, in general, 
give a bijection between direct summands CHj (j)(C[°°l/S')Q and summands CH^^,-)(C[°°1/S')q 
for some i' and j' depending on i and j. 

Proof. The proof of the theorem is essentially the same as in [10]. We omit the details. □ 

Using the bigrading on CH*(Cf°°l/S')Q we get a simple interpretation of the class L. 
Thm. 6.1 gives that CH^ q)(C[°°1/'5')q can be nonzero only if —1 ^ j ^ g + d — 1. If j is 
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in this range then, noting that ^ G CH_i (2) ^iid ^ CH^ we obtain from (1.12.1) the 
relation 

(^•^•l) t^lO) = (2 + ,)! + ^ ' ([^^^^] (-'^)) * ' 

where [C](j) denotes the component of [C] in CHi (-j)(C[°°1/S')q and similarly for [i(C)]. We 
have [l{C)] G CHi( J/5)q = OT-^(J/5)q and by (6.0.1) only the summands CRi^(^i){J/S)q 
with — 1 ^ / ^ min{2(7 — 2, g + d — 1} can be nonzero. But in fact, the situation is slightly 
better, as CHi (_i) (J/S')q = CH^~-^^(J/S')q is Fourier-dual to C}i^^_-^~^{J/ S)q, which is zero. 
In particular, taking j = —1 in (6.2.1) wc obtain the following result. 

Proposition 6.3. Let [C] = [C](j) be the decomposition of the class [C] € CHi(C['^]/'S')q; 
with [C](j) e CHi Q)(Ct°°]/>S')Q. Then [C](j) can be nonzero only if —1 ^ j ^ g + d — 1. 
Further, [C'](-i) = L. 

7. A NEW GRADING ON CH*(J/5'), AND ITS RELATION WITH BEAUVILLE'S 

DECOMPOSITION 

In this section we study the new grading CH*(J/5) = ©„^o CHi"''(J/S') induced by 
the grading of CH* (CW/5'), where CH^(CM/5') is placed in de grcc n, via the isomorphism 
CR^{J/S) ^ K C CH^(CW/5'). We prove that the associated descending filtration Fil* 
of CH^,(J/5) is stable under the operators [N]^:, and that [A*"]* acts on grp?^ as multiplica- 
tion by iV"*. It follows that Fil* (8)Q coincides with the descending filtration obtained from 
Beauville's decomposition of CH*(J/5')q. However, even with Q-coefHcients the bigrading 
CH^, (J/S*) = ©j^„ CB}p\j/S) that wc obtain is different, in general, from Beauville's decom- 
position. Similar results are obtained for the Chow homology of C^°°^ over S. 

We retain the notation of Section 3. As before, write L = Im(s). Given a subspace 
V C CH*(CH/5), write := F n CH*(CH/5) and Ft^'"! := F n CH*(C[^"*l/'5), 

where CH*(C[^™1/S') := ©„^^ CH*(CW/S'). Note that in general fI^™! is much bigger 
than ©n^m^'"', but the two are equal if y is a graded subspace of CH*(Ct*l/S'). 

By Thm. 3.6, we have IfC = ©^^qI^H and K{u) = ®m^oK{u)^"'l Also, we have iso- 
morphisms cr*: K ^ CR^{J/S) and : K{u) ^ CH^,(C[°°l/5). Therefore, we can transport 
the above gradings of K and K{u} to get new gradings on CH*(J/S) and CH=,(C[~l/'5). 
Both gradings are compatible with the usual grading by dimension. Note also by Proposition 
3.11(iii), we get CR^J/S) = ffi,^f^+'^ CRt'\j/S). 

Consider the decreasing filtrations Fil* on CH*(J/5) and on CH*(C[°°1/>S') that are in- 
duced by this grading. More precisely, we define 

Fil™ CH,( J/5) := and Fil™ CH,(C[°°1 /S) := g,lK(n)[^™l . 

These are filtrations of CH(5)-algebras, in the sense that Fil™* Fil" C Fil'"+"'. Because 
Fil° CH* = CH*, each Fil™ is an ideal. Furthermore, if we work over a field then by Theo- 
rem 5.3 these filtrations are compatible with the PD-structures on these algebras. 
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Recall that r: CH*(C[°°1/S') —>■ CH* (CW/S') is the inverse map to the isomorphism 
: K{u) C}i^{C^°°yS). Hence for x G CR^C^^^/S) we have that x G Fi^ if and only if 

Lemma 7.1. For allm^O we have FiV^ CH*(J/5) = = aM^'^l 

Proof. We have K C K('u), so for the first equality it suffices to verify that ^■^,{K{u)^^'^^) C 
CT^Kt^^l As = Si^olKl^-^lnW it suffices to check that a^(iiM) is in FiP CH*(J/S'). 

We claim that in fact there is an inclusion CHj(J/6') C Fil* CH*(J/S'). Indeed, we have 

CRi{j/s) = e„a*(Kn CHi(cW)) , 

and only terms with n ^ i give a nontrivial contribution. 

We have L(n) = M.{u), so for the second equality it now suffices to show that Fil"* C 
L[^™]. We prove this by descending induction on m. For m ^ the claim is immediate 
from Prop. 3.11. Assume then that Fil"^+^ C ct*L[^"*+i1. If x G KH then by Thm. 3.6(iii) 
the element y := (1 + '0'u)~"* *x lies in L'^"*!. Note that x — ye K(u)[^"*+-^1. Hence, using the 
first equality in the lemma, a^{x) = a* (x - y) + (y) G Fil'"+^ +aM^"'^ = aM^""^- As Fil*" 
is spanned by Fil*""*"^ together with the classes cr*(x) for x G K^"*! the assertion follows. □ 

Summing up, for an element y G CH*(J/S') we have 

y G Fir CH*(J/S) ^ s{y) G CR^C^^^^^S) ^ ~s'{y) G CH,(C[^'"l/'5) • 

It follows from the lemma that Fil"* CR^{J/S) = Fil"* CH*(C[°°1 /S) for all m. 

Proposition 7.2. The filtration Fil* on CH^,(J/S') does not depend on the choice of the base 
point po E C (S) . 

Proof. Let p'^ G C{S) be another base point, and let a'^ : C^"! — >■ J be the associated morphism, 
given on points hy D [D — np'o]. By the Lemma we have Fil"* CH*(J/5) = a*K(tx)[^"*l. 
Note that M.{u) does not depend on the choice of the base point. Hence it suffices to show 
that for ah x G K(-u)["*l wc have (t'„^{x) G Fil™ CH*( J/S"). But (t'„^{x) = 5„i * ^rn{x), where 
5m G CHo(J/S') is the class of the section m ■ (po ~ p'o) ^ J{S)- As Fil™ is an ideal, this gives 
the desired conclusion. □ 

We say that an element y in CH*(C[°°1 /S) or CH* (J/S*) has coweight z if [N]^iy) = -y 
for all N . Thus, with notation as in Section 6, CH,,(j)(C[°°l/5') and CH,, have coweight 
2i+j. Our goal is to prove the following compatibility between the filtrations Fil* just defined 
and the filtrations given by coweight. 

Theorem 7.3. (i) For all m ^ we have Fil™ CH*( J/5)q = 'S)2i+j^m CB^j){J/S)Q. 
(ii) For allm^O we have Fil"* CH^(C[°°V'5)q = ®2i+j^m CRi^^j^{C^°°^/ S)q. 

This theorem is an immediate consequence of the following more precise result that takes 
torsion into account. 

Theorem 7.4. The filtrations Fil* on CH,(J/5) and on CH,(C[°^l/'5) 

are stable under all 
operators [A^]*, and in both cases [A^]* acts on grp-j as multiplication by AT"*. 
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The key geometric statement that we use in the proof is the following. 
Lemma 7.5. Let x G ]K(n)["l Then we have Po,i(C)^^' ([^1*^) = /^^ J > - 1)". and 

Proof. We divide the proof into some steps. Without loss of generality we may assume the 
base scheme S to be irreducible. Recall that d = dim(5). 

Step 1. Given an integer i with ^ z ^ iVn, define Yn^N) by the cartesian diagram 

^Nn—i^i 

In other words, Yn^N) parametrizes triples of effective divisors (D, Di, D2) on C/S, of 
degrees {n,Nn — such that ND = Di + D2. We need some information on irreducible 
components of Yn,i{N). 

The morphism aj^n-i.i is finite flat of degree ('^"); see Remark 1.2 in [15]. Hence the 
map Yn^i{N) —> C'"] is finite and flat, too. In particular, all irreducible components of Yn^i{N) 
have dimension d + n. 

Given an integer j with max(n — z, 0) ^ j ^ n, consider the natural map 

Pn,rA^): d^'l X5 Yn-J,^+J-n{N " 1) ^ Yn,^{N) 

given on points by {E; D, Di, D2) ^ {D + E, Di + NE,D + D2). We are going to prove 
that ii W G Yn-j^i-\-j-n{N — 1) is an irreducible component then pn^ij{N) maps C^^ xsW 
birationally onto some irreducible component of Y^^j {N) , and that all irreducible components 
of Yn^i{N) arc obtained in this way. 

Given a A:-valued point (D, Di, D2) of Yn^i{N), set D' := gcd{D,D2). Then we can write 
D = D' + E and D2 = D' + D'2, where E and D'2 are disjoint. The relation ND = Di + D2 
becomes {N - 1)D' + NE = Di + D'^, which implies that Di = D[ + NE for some effective 
divisor D[. So 

(D, Di,D2) = Pn,rAN){E; D', D[,D'2) , 
where j := n — dcg(D'). Thus, the images of the maps pn,ij{N) cover Yn^i{N). It remains 
to be shown that Pn,i,j{N) is birational on every irreducible component. Let U C C^^ xg 
i^_j,j+j_„(A?^ — 1) be the open subset consisting of (£';£), Di, D2) such that E and D2 are 
disjoint. Then the restriction of Pn,i,j{N) to U is an embedding, since on U we have D = 
gcd{D + E,D + D2). Since for every irreducible component W C Yn-j^i+j-ni^ — 1) the 
intersection U fl (C'-'^ X5 VF) is non-empty, the assertion follows. 

Step 2. Fix s ^ 0. The map pri3: {D, Di, D2) {D,D2) realizes Yn^n-si^) as a closed 
subscheme of C^"' X5 C^""^]. It readily follows from the definition of the operators Pq^i{C)^™'^ 
that the operator 

is induced by the fundamental cycle [yn,n-s(-^)] of the subscheme l^,„_s(-/V) C C^"'^xsC^"~^\ 
where we view this cycle as a correspondence from C'"! to C'""*!. 



31 



Let Z be an irreducible component of Yn^n-s{^)- We view Z as a reduced subscheme 

of C'"' Xs C^"~^y As shown in the first step, there is some j with s ^ j ^ n and an 
irreducible component W of Yn-jj-si^ ^ 1) such that pn^n~s,ji^) gives a birational map 
from Cl-'l XsW to Z. Note that pr^ ° Pn,n-s,j{N)'- C^-'^ xsW ^ equals the restriction 



and that prg o p„ j (A?^) : C^^] X5 — C'""'^] equals the composition of the projections 
C\^^ XsW ^ C["-^l. As we have a commutative diagram 



Cb1 x5C["-j1 

pr2 
C[n-J] 



Pri,2 



□ 



Pri 



Cb1 xsCl"-^'] X5C["-^1 



X5I 

Pr2,3 



C[^1 X5PF 



□ 



pr 



W 



pr 
-s] 



we find that the operator [Z\^ : CH*(CW /S') CH*(C["-*1 /S) given by the correspondence Z 
equals the composition 

CH,(C["l/'5) > CH,(C["-^V'5) CH,((7["-^V'5) ■ 

But = n^>o Ker(Po,i(C)'™')' so if J > we find that [Z]* is zero on IC(w)W. If s > 

then, recalling that j ^ s, this applies to all components Z of Yn,n-s{^), so we obtain the 
required vanishing Po,i(<^)'^^"^^"+'^ ([Ar]*lEC(u)N) = for s > 0. 

Step 3. In the case s = there is a unique irreducible component of y„ „(Ar) that gives a 
nonzero contribution to our operator, namely Pn,n,o 

{Yn,o{N - 1)) ^ CM, which gives the 
identity correspondence from C^"! to C'"]. So we only have to check that the multiplicity of 
^n,n(A) at the diagonal component is equal to A"". It follows from the definition of y^,n(A^) 
that this multiplicity is the number of branches of the finite covering a(Ar_i)n,n • C'^-^^^)'*! x^ 
CN c^^n] Q^gj. ^i^g closed subscheme Aiv(C["l) C Cl-^"] lie inside the diagonal 
component. Write Ct'^l'^^'^ C for the open subscheme of divisors consisting of n distinct 
points. Take any point Q G C'l^"!'^'^" and specialize to a point P £ A7v(CM'S^'0- The points 
in the fibre of Q:(jv-i)n,n over Q are indexed by the subsets / C {!,..., An} with = n. If 
is the point corresponding to I then it is clear that its specialization to the fibre over P 
lies in the diagonal component if and only if #(/ fl {kN + 1, kN + 2, . . . , {k + 1)A"}) = 1 for 
all A; G {0, . . . , n - 1}. There are A^" such sets /. □ 

Proof of Theorem 74. We have qo[N] = [N] o q, and the filtration Fil* on CH*(J/5) is the 
one induced by Fil* on CH,(C[°°1 /S) under the quotient map : CH*(C[°°] /S) CH*(J/S). 

So it suffices to prove the result for C^-^^/S. 

By definition, Fil™ CH^(Cf°°l/S') is spanned by elements of the form where 
X e with n^m. Then [N]^x G CR^C^^^^/S) lifts [A],x, so by (3.9.1) we have 

r{[NU) = ^ (1 - bo])" *Po,i(C)W([A],x) . 

i>0 
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By Lemma 7.5, all the nonzero terms in the right-hand side lie in CH'^"' and the component 
in CHI"] equals TV" ■ x. This immediately implies the result. □ 

Corollary 7.6. Let := K n CHi(CW/S). Then (Kj Q) C CHj(C[<'^V'5) with v := 
imn{2g,g + d + i}. In paHicular, (K(8)Q) C CH*(C[<2fl]/5)Q. PuHher, = CR^C^^^/S) 
is a free C}l{S) -module of rank 1 with generator s'([0]), and IKq^' is a free C}l{S)Q-module 
of rank 1 with generator s'([J]) . 

Proof. The first two assertions follow immediately from the fact that the possible eigenvalues 
of [A^]* on CH,(J/5)q arc N^, where ^ z mm{2g, g + d + i}. (Cf. (6.0.1).) 

It follows directly from the definition of IK that CH^,(C['^1/S') C IKI*^!. The opposite inclu- 
sion is obvious, soKM = CR^{C^°yS). Wehaves'([0]) = [S] = [C^] because [0] € CH^(J/5) 
is the identity element for the *-product. So indeed K'^I is free of rank 1 over 011(5) with 
generator S'([0]). 

For the last assertion, first remark that Thm. 7.3, together with the mentioned bounds 
on the coweights, implies that s' restricts to an isomorphism 

from the coweight 2g subspace of CH*(J/S')q to Kq^^ If 2/ € CH*(J/S'))q has coweight 2g 
then it has weight 0, which means that [N]*{y) = y for all A'". Taking A'" = this gives 
y = p*{0*{y)) = 0*(y) * [J]. (For the last identity, see Remark 1.2.) This proves that 
®2i+j=2g CHj (j)( J/5)q C CH(5) * [J]. As the opposite inclusion is clear we obtain the stated 
result. □ 

Let us now summarize the main conclusions of this section for CH*(J/S'): 

(1) Transporting the grading on K via the isomorphism a* : K ^ CH*(J/5) we have a 
decomposition 

(7.6.1) CH,( J/5) = e^^^o"* ChI™] {J/S) . 

Together with the grading by relative dimension, we obtain a bigrading 

CH,(J/5)= ChJ™](J/'5). 

0^m^min{5 + 2d+i,29 + <i} 

(For the bounds on m sec Prop. 3.11.) The decreasing filtration Fil* CH^,(J/S') associated to 
(7.6.1) is stable under all the operators [A^]*, and [A/']^, acts on grp^ as multiplication by A''". 
Hence, after tensoring with Q we just get the filtration by coweight. 

(2) The subspaces Ch|™^ (J/ S) with m > min{25r, g + d + i} are torsion. In fact, we can prove 
that there is a bound on the torsion depending only on g and d but we shall not give the 
details here. 

(3) Tensoring (7.6.1) with Q we obtain a new grading on CH*( J/5')q. This grading is different, 
in general, from the Beauville's decomposition. Indeed, for 0-cycles our new grading coincides 
with the one obtained in [18], Thm. 0.3, and as shown in loc. cit.. Section 1, for a general 
curve of genus ^ 3 it is not the same as Beauville's. 
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8. Tautological classes 



In this section we study the tautological subalgebras TCH*(?)q C CH*(?)q of the Chow 
homology of C^*\ C[°°l and J over S with rational coefficients. By definition, these are 
obtained as the smallest CH(S')Q-subalgebras that contain the image of CH(C) and are stable 
under all operators [A^]*. The main result is that the isomorphisms (3 and 7 of Section 3 give 
rise to isomorphisms TCH*( J/5)q [t, ^ TCH*(C[*1/S')q. In our calculations, certain 
"modified diagonal classes" r„(a) play a key role. 

Definition 8.1. The tautological subrings 

rcH*(c['i/5)Q c ch,(cW/5)q 

rCH*(C[^l/'5)Q c ch,(c[~1/5)q 
rCH,(J/5)Q C CH,(J/5)q 

are defined to be the smallest CH(S')Q-subalgebras (with respect to the Pontryagin prod- 
uct) that are stable under all operators [A'']* and that contain the image of CH*(C)q under 
the inclusion CH*(C)q C CH*(CW/5)q, the natural map CH*(C)q ^ CH*(C[~1/'5)q, and 
t*: CH*(C)q — CH*(J/S')q, respectively. 

Remarks 8.2. (i) To avoid any confusion, note that we consider Chow homology, so the 

ring multiplication is the Pontryagin product. The tautological rings rCH,(CW/5)Q and 
are generated, as CH(S')Q-algcbras, by the classes [n]*(a) for n ^ 1 and 
a G CH*(C). To see this, note that [N]^, commutes with Pontryagin product, and that 
[N],{[nUa)) = [NnUa). 

(ii) Over a field, the ring TCB.^,{J / S)q defined here is not a priori the same as the one 
defined in [17] or [14]. However, it follows from [18], Thm. 4.2, that they are the same. 

(iii) It follows from the definitions that we have surjective homomorphisms of CH(5)q- 
algebras 

rcH*(cW/^)Q ^ rcH*(c[°°V'5)Q ^ tch*(j/5)q . 

(Cf. [18], part (iv) of Theorem 4.2.) 

Our main goal here is to prove analogues (with rational coefficients) of Theorems 1.11 
and 3.4 for tautological rings. Recall that we have CH*(C['1/S) = K[t]{u) with t = [po] and 
vH = [CH]. Consider the operators Ut and n„ on CH*(C[»1/5')q given by 

(8.2.1) n* := ^ (-1)" t" = l-tdt + t'^dP - t^df + ■■■ , 

n„ := J2 (-1)" = l-udu + u^'^^dl - u^'^dl + ■■■. 

Then 11^ is the projector onto n„^i Ker(0|"') along the ideal (t); in other words, it is the 
operator F(t,u) F{0,u). Similarly, n„ is the operator F{t,u) ^ F{t,0). Since these 
two operators commute, n„ o 11^ is again a projector. Its image is precisely the subring 
K c CH,(CW/5). 
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Definition 8.3. For n ^ and a G CH*(C/S'), define classes r„(a) and T\{a) in CH*(CM /S) 

by 



r„(a) := ^ (-1)'= Q (t + A„_fe,,(a) 



fe=o 
and 

rS,(a) ■.= T.M + {-urr-^pl{a), 

with the convention that TQ{a) = ro(a) = 7r*(a). We use the same notation r„(a) for 
the image of this class in CH*(C[*1/S')q. It is clear from the definitions that this class is 
tautological, i.e., r„(a) G rCH*(CW/S')Q. 

For example, 

To (a) = 7r*(a) , 

ri(o) = a- (N +V'[C]) 

T2{a) = A2,*(a) - 2([po] + V'iC]) * a + ([po] + V'fC])' * 7r,(a) . 

In the case when the base is a point the classes r„(C) are the modified diagonal classes; see 
[7], and [18]. For example, Ti{C) = [C], and modulo ip we have 

r-siC) EE A3,*([C]) - 3bo] * A2,*([C]) + 3bo]*' * [C] . 
Lemma 8.4. Let ra ^ 0. For a G CH*(C/5') we have the identity 

(n„ont)(A„,,(a)) =rUa) 

in CH*(CW/S'). In paHicular, Ti{a) G K for all n ^ and all a G CH^C/S). 

Proof. By Thm. 3.2 of [18], we have the following relation between operators on CH*(C[*1/S'): 

Po,i(C)[™]p„,o(a) =^ f''')p„_,,o(a)Po,i(C^)''""''- 

Hence, 

a|™](A„,,(a)) =p[™](C)P„,o(a)(l) = (^^) P„_^,o (a)(1) = (^^) A„_^,,(a) . 

rn(a) :=5^(-l)' f"") i'A„_,,,(a) 

then we find that nf(A„^*(a)) = r„(a). Next wc observe that on M.{u) = Pl^^i Ker(9|™^) we 
have 9uIk(u) = -fb,i ([Po]) Ik(m)- Recall that -Po,i([?'o]) is a derivation such that 

Po,i(bo])(An,*(a)) =p5(«)-^*"~' 

(see Example (c) in 2.1), and 

^o,i(bo])(i) = (5«-M)(i) =-V'- 



Thus, if we set 
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Hence, for n > 1 we have 

a„r„(a) = Po,i(bo])(r„(a)) 

= tpn ■ r„_i(a) . 

On the other hand, duTQ{a) = and duTi{a) = Po(^) + V' " ^6,0(0). It fohows that for n ^ 
we have 

{UuoUt){AnAa)) = (-n)>"-V^(a)+E (-1)' (V'^)T„_,(a) . 

The last sum equals r„(a), as one easily checks. □ 
We have A^^*(a) = Y1^=q (™) + '^u)"^~^Tn{a), as one verifies by direct calculation. 

So, 

Am,*(a) = ( - E + • Po(«) + E (* + V'^)""" • 

\ n=l ^""^ / n=0 

gives the expression of A^,* (a) as a polynomial in t and u with coefficients in K. 

Theorem 8.5. (i) Write TKq := Kq n TCH*(Ct*l/S')(Q, where the intersection is taken 
inside KQ[t,u] = CH*(Cf*l/>S')Q. Then TKq is the Cli{S)Q-subalgebra of CH^-XC^'^ S)q that 
is generated by the classes Tn{a) for n ^ 1 and a G CH(C). The isomorphism a*: Kq — > 
CH^,(J/S')q restricts to an isomorphism TKq — ^ TCH*(J/5)q. 

(ii) PFe have 

TKQ[t,u] =rCH,(cW/5)Q. 

Hence, the isomorphism 7: CH*(J/S')q [t, tx] — ^ CH*(C[*1/S')q 0/ T/im. 5.-^ restricts to an 
isomorphism 

T^: rCH*(J/5)Q[t,n] ^ TCH,(C7W/5)q . 

(iii) 5e/ore, fciL := Im(5) C CH*(CW/5). DefineThQ := LQnrCH,(CW/5)Q, «^/iere 
i/te intersection is taken inside LQ[t, ti] = CH*(C[*1/S')q. Thens: CH^,(J/5)q — > Lq restricts 
to an isomorphism TCH*(J/S')q — > TLq, and TLQ[t,u] = TCH^,(C[*]/'S')q. Hence, the 
isomorphism P: CH*(J/S')q [t, u] — > CH*(CW/S')q 0/ T/tm. 5.5 restricts to an isomorphism 

T^:TCR4J/S)Q[t,u] ^ rCH,(CW 



Proof Write TCH*(J/5)q := TCR4J/S)Q/i; ■ TCH*(J/5)q. Write 5n(a) for the class in 
TCH^,(J/5)q represented by the image of Ti{a) under a*. Let ?7 C TCII^{J/S)q be the 
CH(S')-subalgebra (with identity) generated by the classes (5„(a), for n ^ 1 and a G CH(C). 
We are going to show that U = TCH*(J/5')q. This implies the assertions in (i), because we 
know that a^: TKq TCH^,(J/S')q is injective. 

Given a class a € CU.*{C)q and an integer k, define cwfc(a) to be the component of t^,(a) in 
coweight k. So by definition we have i*(a) = X]fc cwfc(a) in CH*(J/5')q, with [A'']* (cwfe(a)) = 
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N'' ■ cwjt(a) for all N. With this notation, a^{[N]^{a)) = [iV]*(i*(a)) = ^i^^o N"" ■ cw^(a). 
Calculating modulo V' we then find 



6n{a) 



29 

-p*oia) [l{C)] + Sim, 1) ■ cwmia) if n = 1, 

m=0 

n! • 5(771, 77) • cwm(a) if 77 > 1, 

m=0 



where S{m,n) denotes the Stirling number of the second kind. Note that S{m,n) = if 
n> m, and 5(777, 777) = 1. Letting 77 run from 2g down to 2 we obtain that all classes cwfc(a) 
with 2 ^ A; ^ 2^ are in U. 

As we have seen just before Prop. 6.3 (or by Corollary 3.8(i)), the class [7(C)] has no 
components in coweight < 2. So taking a = [C] wc find that [/--(C)] = ^11=2 cwfc(C) € U. 
Hence, taking 77 = 1, we find that also all classes cwi(a) are in U. Finally, if x G CH*(J/5)q 
is any class in coweight then this means that [iV]*(x) = x for all N, so in particular 
X = [0]*(x) = 0*(p*(a;)) is in the image of CH(5'). Hence also all classes cwo(a) are in U. 

This proves that all classes cwfc(a) arc in U. But then U contains the image of l^, and is 
stable under all operators [N]^. So U = TCH*( J/Sj^, and it follows that TKq is generated 
by the classes r5i(o) and that a* restricts to an isomorphism TKq — > TCH*(J/5)q. 

For part (ii) note that the classes t = [po] and u = [C] are clearly tautological. The claim 
that 7KQ[t, 7i] = TCH*(CW/S')q is then an immediate consequence of [18], Thm. 4.2(i), 
which gives that TCH*(Cf*l/'S')Q is stable under the operators dt = Po,i{C) and du = 
Po,i(bo] +V')- The rest of (ii) is straightforward. 

For (iii) it suffices to show that 7TLQ[t, u] = IKqII, u]. The inclusion "C" is clear. For the 
opposite inclusion, write HKq' := TICqRICI"]. By (iii) of Thm. 3.6 we have ( 1+ 7/177) ~"-TK|q' C 
TXq. Hence TKq^ C TLQ[i, 7t] for all 77, and we are done. □ 

Corollary 8.6. The isomorphisms P, 7: CH*(J/5)[77] ^ CH4C^°°^/S) restrict to isomor- 
phisms T(3, T-f. TCH,(J/5)q[77] ^ rCH,(C[~V5)Q. 

The following result gives an important connection between the modified diagonal classes 
r„(C) and the homomorphism s: CH*(J/5) ^ CH*(CH/5). 

Proposition 8.7. 077e has the following relation in CH*(C[*1/S')q.- 

As ri(C) G for all ti ^ 2, the sum is finite. Modulo i/j (e.g., working over a field) we 
find that in CH*(CW/5)q/(V') we have 

5[.(C)] ^ j;(-l)-^^mod W. 

n>2 
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Proof. By Theorem 3.6(iii), the right-hand side belongs to Lq, so it is enough to check that 

^ (_!)"(! + v.[.(c)])-" ~<^n{c)) + {-[i{c)]rr-' ^ \og{i+mc)\) 

in CH^,(J/S')q. Let us write c := [t(C)] and dn '■= o'^,[Tn{C)) . Since 

r-ipn ^ {-err-' _ log(i ^ T^) _ ^_ _ log(i + V'c) _ c 

the identity that we want to estabhsh is equivalent to 
which we can rewrite as 

(8.7.1) ^(-ir(l + Vc)-"— = 0. 

Recalling the definition of r„(C), we can write the generating series for the classes d„ in the 
following form (where x is a formal variable): 

12dn^= E (-l)'=(l + #)'-[mMc)^ = exp(-x(l + V^c)).(EH.(c)^). 
Hence, we have 

(H ;t) ■ exp(x(l + Vc)) = J] H*(c) — . 
Comparing the coefficients of we get 

Note that both sides are polynomials in m. Since the class c = [i(C)] has no components 
in coweight < 2 (by Corollary 3.8(i)), the coefficient of m in [m]*(c) is zero. Calculating the 
coefficient of m in the right-hand side of the above equality we get (8.7.1). □ 

9. Some relations between tautological classes 

In this section we show how our techniques can be applied to derive explicit relations 
between tautological classes on the Jacobian. In particular, under the assumption that the 
curve has a we obtain some vanishing relations, both for classes on C^*' and on the Jacobian. 
On the Jacobian we recover, working modulo algebraic equivalence, results of Herbaut [8] 
and van der Geer-Kouvidakis [6] that extend an earlier result of Colombo- van Geemen [3]. 
Working modulo rational equivalence this result was obtained by one of us in [14] . The nice 
feature of our approach is that the assumption about the existence of a can be translated 
directly into a statement about classes on C^*^ (Lemma 9.2), from which the vanishing result 
follows by a short calculation. 
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We first introduce some notation. Throughout, we assume that S = Spec(A;), where k is 
a field. Given an effective divisor D of degree d on C, let [D] G CHo(C['^) be the class of the 
point in C^^ corresponding to D. We define 

ei{D) := Po,i{C)^''-'^{[D]) e CHo(CW) . 

Note that ii D = pi + ■ ■ ■ + pd for some points pi G C{k), the element ei{D) is simply the ith 
elementary symmetric function of the classes ([pi]) with respect to the Pontryagin product on 
CH,,(CW). Indeed, this follows immediately from Lemma 2.2, part (ii). In general, we have 
eo(-D) = 1 and ed{D) = [D]. We also set 

(9.0.2) ei{D) := Ut{eiiD)) = ^ {-1)4"^ ~ '^Ae,^j{D)t^ e CHo(CW) , 

i=o V J / 

where is the projector defined in (8.2.1). In the case D = pi + ■ • • + p^, the class ei{D) is 
the ith elementary symmetric function of the classes ([pj] — [po])i=i,...,d- 

If Di and D2 are rationally equivalent then viewed as points of C''^ they lie in the same 
fibre of the map 0^- d'^ J. But the fibres of are projective spaces, so [Di\ = [D2]. 
Hence the classes ei{D) and ei{D) only depend on the rational equivalence class of D. 

Note that the isomorphism CH*(Ct*l) = ]K[t](u) restricts to an isomorphism CHo(C[*l) = 
]Ko[i] with Ko := Kn CHo(CW). In particular, ei{D) G K. Further it is easy to see that in 
CHo(C['^) we have 

d 

(9.0.3) [D] = Y,UDy-'-, 

i=0 

so this gives another way to think of the classes ei{D). 

Finally, we denote by ei{D) the ith component of a^ei{D) G CHo(J) with respect to 

Beauville's decomposition CHo(J)q = ®j CHo^(j)(J). If D = pi H \-pd for points pi G C{k) 

then ei{D) is the ith. elementary symmetric function of the classes (Q;(pj)), where a{p) G 
CHo,(i)(J) is the component of [l{p)] - [0] G CHo(J). 

Theorem 9.1. Let C be a curve over a field k with a k-rational point pQ. Assume that 
D G CM(fc) is an effective divisor of degree d with h^{D) > 1. Write r{D) := hP(D) — 1. 

(i) For integers u and s, define U{v,s) G CHs(C['^])q by 

V r„.(C)....,r„.(C) 

n\ ,712,- •■ ^2 
"1+12 H i-ns=f 

with the convention that U{0, 0) = [Spec(A;)]. Then for all s ^ r{D) and N > d — r{D) + s, 

N-2s 

(9.1.1) {-iyei{D)*U{N -i,s) = m CH,(cW)q. 

i=0 

(ii) For integers v and s, define an element T{i',s) G CH*(J)q by 

'^i'^,s):= ^ (ni - 1)! • • • (ns - 1)! cWni(C) * • ■■ *cw„^(C) , 

n]^,n2,---,ns^2 
"1+"2H ^-■ns=f 
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with the convention that T(0, 0) = [S], and where we recall that cw„(C) is the component 
of [i(C)] in CHi („_2)(C). (So cw„(C) has coweight n.) Then for all s ^ t{D) and N > 
d — r{D) + s, we have 

N-2s 

(9.1.2) ^ (-l)*ei(L') *T(iV-i,s) =0 in CH^(J)q. 

i=0 

Note that fov d ^ 2g — 2 (the only case of interest) we have N — 2s > d — 2r{D) ^ by 
CUfford's theorem. The idea for the proof is to use the representation of the divided powers 
of the class L G CHi(C[°°]) by projective spaces in the symmetric powers of C. 

Lemma 9.2. Let C and D be as in Theorem 9.1. Then the class [D] * L[''(^)] e CH*(C[°°]) 
can be realized in CH*(C[''l). 

Proof. For A'^ ^ we know that lI™! is represented by the class of an m-dimensional linear 
subspace in the fiber of the map a^'- C^^^ — > J over G J. (See Remark 1.8.) Hence, 
[D] is the class of an r(Z))-dimensional linear subspace in the fiber of aN over ad{D) G 

J. But \D\ C Cl*^, viewed as a subvariety of C'^l via the embedding id^N- C^'^ ^ C'^l, is 
such a subspace. □ 

Proof of Theorem 9.1. Recall from (1.12.1) that (over a field) we have the relation L = [C] — 
s[t(C)] in CH*(Cl°°]). To avoid notational confusion, let us set m = r{D). Lemma 9.2 
gives that the class [D] * ([C] - sKC)])*"" G CH^(C[°°1) can be realized in CH*(C[''l). By 
Remark 3.9, it follows that the image of this class under r: CH*(C[~1) ^ CH=,(CW) is an 
element of CH,(C[^'^]). 

Viewing [D] as an element of CH*(C[°°1) we have 

r{[D]) = ^ (1 - t)- . = J2 ed-n{D) • (1 - i)'^ = ^ e^ , 

n>0 n=0 i=0 

where for the first equality we use (3.9.1). Hence, 

d 

(9-2.1) ^e,(D)*(«-%(C)])*"' 

i=0 

is an element of CH*(C[^'^1). 

It follows from Prop. 8.7 that the component of s[t(C)]*« in CH*(C[^1) equals (-1)'' • 
U{b,a). With s and N as in the statement of the theorem, we know that the component of 
the expression (9.2.1) in CH*(C[^+™-^]) is zero. Direct calculation gives that this component 
equals 

m d / \ 

^ ^ (- 1)^-M ) (D) * u^-^ ^uiN + j-s-i,j). 

j=0 1=0 

But all elements ei{D) and U{N + j — s — i,j) lie in K[t] and the powers of u are linearly 
independent over K[t]. Hence, 

^ (-1)^-* h)ei{D) *U{N + j-s- i,j) = for all j ^ m. 
i=o ^ ^ 
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Taking j = s and noting that U{N — i, s) = ii N — i < 2s, gives (i) of the theorem. 

By Thm. 7.3, a^ei{D) only has components in coweight ^ i. By definition, the component 
in coweight i is €i{D). Further, as we have seen in the proof of Thm. 8.5, c7*r„(C) = 
n\ ■ Yld=o S{l,n)cwn{C). Now we again use that S{l,n) = ii n > I and S{n,n) = 1. It 
follows that (T*C/(z/, s) has components only in coweight > v, and that the component in 
coweight u is exactly T(z/, s). With these remarks, (ii) follows from (i) by pushing forward to 
the Jacobian and taking the component in coweight N. □ 

Remark 9.3. Part (ii) of the theorem is Thm. 4.6 of [14]. (The result is stated there in 
Fourier-dual form.) 

Let A^{J)(Q denote the quotient of CH*(J)q modulo algebraic equivalence. Considering 
the identity (9.1.2) for s = r{D) and using the fact that ei{D) ~aig for z > we recover 
the following relations obtained in [6]. (Equivalent identities were first derived by Herbaut 



Corollary 9.4 (Herbaut, van der Geer-Kouvidakis). Let C be a curve over a field k with a 
k-rational point pq. Assume that C admits a defined over k. Then for every N > d one 
has 



rtiH \-nr=N 

On the other hand, for s = (9.1.1) and (9.1.2) give the following vanishing result. 

Corollary 9.5. Let C be a curve of genus ^ 1. With the same assumptions as in Theorem 9.1, 
for d - r{D) < N ^ d one has eiv(-D) = in CHo(C[^])q and ejv(-D) = in CHo(J)q. 

The case N = d gives the following result that generalizes the well-known property of 
Weierstrass points on a hyperelliptic curve (see [2], Prop. 3.2). 

Corollary 9.6. Let C be a curve over k that has a k-rational point po G C{k). Assume that 
h^ipi + • • • + Pd) > 1 for some k-rational points pi, . . . ,pd- Then 



Remark 9.7. If k is algebraically closed then the vanishing statements in the previous two 
corollaries hold integrally by Rojtman's theorem; see [19], [13]. 

It is also instructive to rewrite some of the identities (9.1.1) in terms of the classes A„_*(C). 
(Cf. Prop. 3.4 in [3] for a similar result modulo algebraic equivalence.) 

Corollary 9.8. Let C he a curve over k. Assume that h^{D) > 1 for some k-rational 
divisor D of degree d on C . Then one has 



in [8].) 






in 74*(J)q. 



([Pi] - [po]) * • • • * (M - bo]) = in CHo(C['^)q. 




d+l 
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Proof. Since we use rational coefficients, we can pass to a finite extension of k and assume 
that C fias a A;-rational point po- Now take s = 1 and AT = d + 1 in (9.1.1). We get 

d-l 



=0 

As ed{D) = by Corollary 9.5, we can extend the range of the index i to {0, ... , d}. Sub- 
stituting the definition of the classes Tn{C) in terms of classes Aj,*(C), see Def. 8.3, we 
get 

d d+l-i 



i=0 k=0 

Now we use the identity 



n ! — n ^ / 



i=0 ^ ^ 



that can be easily checked using (9.0.2). We then get 

d 



0=^(-l) eMiD). ^ , 

Af=0 

which, setting j = d + 1 — A/, gives what we wanted to prove. □ 
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